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Let q be a power of an odd prime, n � 3 and Trn :Fqn → Fq

be the trace mapping. A mapping f = f (x) :Fqn → Fqn is called
planar (or perfect nonlinear) on Fqn if for any non-zero a ∈ Fqn , the
difference mapping D f ,a :Fqn → Fqn is a permutation where for
x ∈ Fqn , D f ,a(x) = f (x +a)− f (x). Kyureghyan and Özbudak (2012)
[8] considered the planarity of mappings fn,α(x) = x(Trn(x) − α

2 x)
on Fqn for α ∈ Fqn and proved that there is no planar fn,α for
n � 5. For the case n = 3 and n = 4, they raised three conjectures.
In this paper we prove the third conjecture which says that there
is no planar fn,α for n = 4, by using Kloosterman sums. Our
proof also works for case n � 5, so we present a new proof of
the Kyureghyan–Özbudak result. For case n = 3, we present an
elementary proof of the first conjecture which says that there is
no planar f3,α for α ∈ Fq\{2,4}.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

Let q be a power of an odd prime, n � 1, Fqn be the finite field with qn elements and F
∗
qn = Fqn \{0}.

A mapping f :Fqn → Fqn is called planar (or perfect nonlinear) if for each a ∈ F
∗
qn , the difference

function D f ,a :Fqn → Fqn , D f ,a(x) = f (x+a)− f (x) is a permutation on Fqn . Planar mappings were in-
troduced in [3] as a tool to construct projective planes. In cryptology, such mappings provide optimal
resistance to differential attacks [10]. They are also used to construct optimal constant-composition
codes [5], signal sets with good correlation properties [4] and finite semifields [1].
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In the past twenty years, many papers have been devoted to existence and non-existence results
for planar mappings. Many planar mappings have been constructed by a variety of methods, see
[2,6–8] and the references therein.

Recently, Kyureghyan and Özbudak [8] investigated the planarity of products of two linearized
polynomials. Particularly, they paid much attention to the planarity of mappings

f = fn,α :Fqn → Fqn , fn,α = x

(
Trn(x) − α

2
x

)

where α ∈ F
∗
qn and Trn :Fqn → Fq is the trace mapping. For n = 1, all quadratic mappings f (x) =

(1− α
2 )x2 (α �= 0) are planar. For n = 2, the problem is also solved completely (see [8, Theorem 2]). On

the other hand, it is proved in [8] that there is no planar mapping fn,α(x) when n � 5 [8, Theorem 4].
When n = 3, f3,α(x) is planar for α ∈ {2,4} and is not planar for α ∈ {0,3,6} [8, Theorems 6 and 7].
Based on computer experiments, the following conjecture has been raised in [8]:

Conjecture. Let q be a power of an odd prime.

1. There is no planar mapping f3,α(x) on Fq3 for α ∈ Fq\{0,2,3,4,6}.
2. There is no planar mapping f3,α(x) on Fq3 for α ∈ Fq3\Fq.
3. There is no planar mapping f4,α(x) on Fq4 for α ∈ Fq4 .

As named in [8], we will refer to these three subconjectures 1, 2 and 3 as Conjecture 1, Conjec-
ture 2 and Conjecture 3.

These three conjectures have been checked to be true in [8] for q � 997,29 and 11 respectively.
In this paper we prove Conjecture 3 by using Kloosterman sums in Section 2. Our proof works

also for case n � 5, so we present a new proof of the result for n � 5 [8, Theorem 4]. In Section 3 we
present an elementary proof of Conjecture 1.

As the starting point for this paper, we now introduce a result from [8] which gives criterion on
the planarity of the mapping fn,α .

Lemma 1. (See [8, Theorem 3].) Let q be a power of an odd prime, n � 2, α ∈ Fqn and Trn :Fqn → Fqn be the
trace mapping. Then the mapping

fn,α :Fqn → Fqn , fn,α(x) = x

(
Trn(x) − α

2
x

)

is planar on Fqn if and only if the following three conditions are satisfied:

(i) α �= 0.
(ii) Trn( 1

α ) �= 1, 1
2 .

(iii) There is no z ∈ Fqn \{0,−α
2 ,−α} such that Trn( 1

z ) = −1 and Trn( 1
z+α ) = 1.

We end this section by stating several basic facts concerning Kloosterman sums which will be
needed in Section 2, see [9].

We denote the group of additive characters on Fq by F̂q . Let q = pm , where p is a prime and
m � 1. The group F̂q can be described as

F̂q = {λb: b ∈ Fq}

where, for x ∈ Fq , λb(x) = ζ
T q

p(bx)
p , T q

p :Fq → Fp is the trace mapping from Fq to Fp and ζp = e
2π

√−1
p .
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