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1. Introduction

For a prime p, let f be a function from an n-dimensional vector space V, over [F, to Fp. The
Walsh transform of f is then defined to be the complex valued function f on Vj,
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where €, = e2™i/P and (b, x) denotes a (nondegenerate) inner product on V. The classical frameworks
are Vp, = ]F’;, and (b, x) is the conventional dot product denoted by “.”, and V, =TF,» and (b,x) =
Trp(bx), where Trp(z) denotes the absolute trace of z € Fyn. In this article we will consider examples in
both frameworks, but general definitions and results will be formulated in the framework of V,, = IF’;,.

The function f is called a bent function if | f(b)| = p/? for all b e Fi.If |7 (b)| € {0, p™*D/2} for all
be IF';,, then we call f near-bent (for p =2 the term semi-bent is common), and more generally f is
called s-plateaued for an integer 0 < s < n if |f(b)| € {0, p™*9/2} for all b e . We remark that for
p = 2 the Walsh transform yields an integer. Hence if f is s-plateaued, then n and s must have the
same parity. In particular, binary bent functions only exist for n even. For odd p, bent functions exist
for n even and for n odd.

For the Walsh coefficient f(b) we always have (cf. [14])

j:ep*(b), nevenornodd and p =1 mod 4,

*(b)

p2f(b) =
+ie, ©7, noddand p =3 mod 4,

(1)
where f* is a function from ]Fg to IF,. A bent function f : ]F’;, — I, is called regular if for all b e IE‘Z

P2 F by =€} V.

When p =2, a bent function is trivially regular, and as can be seen from (1), for p > 2 a regular bent
function can only exist for even n and for odd n when p =1 mod 4. A function f:Fj — Fp is called
weakly regular if, for all b € F', we have

p 2T (b) = ;e{;*“’)

for some complex number ¢ with |¢| =1, otherwise it is called not weakly regular. By (1), ¢ can only
be £1 or =+i. Note that regular implies weakly regular.
The classical example for a bent function is the Maiorana-McFarland bent function from IF’Z; X Fg =

F2™ to ¥, defined by

fy=x-7(y)+o(y)

for a permutation 7 of Fg and an arbitrary function o :IE‘Z1 — Fp. We remark that the condition
that 7 is a permutation is necessary and sufficient for f being bent. The Maiorana-McFarland func-
tion is always a regular bent function. Moreover f(x, 7 ~1(0)) = o (w ~1(0)) is constant for all x € IF’Z],
hence a Maiorana-McFarland function is an example of a normal function, which is defined as fol-
lows. For an even integer n = 2m, a function f :[Fj — Fj is called normal if there is an affine
subspace of dimension m =n/2 on which the function is constant, f is called weakly normal if there
is an affine subspace of dimension m =n/2 on which the function is affine, see [17]. The notion of
normal Boolean functions was introduced in [12]. By counting arguments one can show that nearly
all Boolean functions are non-normal, however almost all known Boolean bent functions are normal,
see [17].

2. A generalization of the Maiorana-McFarland class

Based on some earlier results on constructing Boolean bent functions from near-bent functions
(see [10,17]), in [6] the following general idea for constructing bent functions has been suggested:

Let m and 1 < s < m be integers, and for each u = (uy, uy,...,us) € FS, let f,(x) :]FZ1 — F, be
an s-plateaued function. Let supp(ﬁ,) denote the support of the Fourier transform of the function f,,
ie. supp(ﬁ) ={be ]Fg' | ﬁ(b) #0}. If supp(ﬁ) Al supp(fv) =@ foru,ve IF‘;, u # v, then the function
F(x,y) from F}y x F, =F}'** to F), defined by
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