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We study the number of monic irreducible polynomials of de-
gree n over F; having certain preassigned coefficients, where we
assume that the constant term (if preassigned) is nonzero. Hansen
and Mullen conjectured that for n > 3, one can always find an
irreducible polynomial with any one coefficient preassigned (re-
gardless of the ground field F;). Their conjecture was established
in all but finitely many cases by Wan, and later resolved in full in
work of Ham and Mullen. In this note, we present a new, explicit
estimate for the number of irreducibles with several preassigned
coefficients. One consequence is that for any € > 0, and all large
enough n depending on €, one can find a degree n monic irre-
ducible with any [ (1 — €)+/n] coefficients preassigned (uniformly
in the choice of ground field Fy). For the proof, we adapt work of
Katai and Harman on rational primes with preassigned digits.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

Since the time of Gauss, we have known that there are roughly q"/n monic irreducible polynomi-
als P of degree n over the finite field Fy. Writing

n—1
P=T"+) T, 1)
i=0

it is natural to wonder what can be said about the coefficient sequences (ag,ai,...,ap—1) that
correspond to these irreducibles. A great deal of work has gone into studying questions of this
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nature; what we know, as well as what still remains mysterious, is surveyed in [1], [2, Chapter 3],
and [3, §2].

One of the success stories in this area concerns the following conjecture of Hansen and
Mullen [4, Conjecture B]: Given any n > 3, any 0 <i < n, and any a € Fg, one can find an irreducible
polynomial P of the form (1) with a; = a, where we assume a # 0 in the case i = 0. This conjecture was
proved by Wan [5] when either n > 36 or g > 19; the (finitely many) remaining cases were disposed
of soon after by Ham and Mullen [6].

It is natural to ask for generalizations of the Hansen-Mullen conjecture where more than one
coefficient is allowed to be preassigned. Panario and Tzanakis [7] (see also [8]) have shown that
Wan’s method can sometimes be applied in this situation. For example, they prove that if n > 22 and
q > 107, then one can arbitrarily prescribe both a,_1 and any other a; (subject to ag # 0 if i = 0);
moreover, if n > 112, then the same result holds with no restriction on q. However, their method will
not give a similar result for two arbitrary coefficients a; and a;.

For each prime power q and each natural number n, we let 7r4(n) denote the number of monic ir-
reducible polynomials of degree n over F;. Our main objective in this note is to establish the following
theorem:

Theorem 1. Let n > 2. Let Z be a nonempty subset of {0, 1,2, ...,n — 1}, and put I = #Z. Choose an element
a; € Fq for each i € Z, with ag # 0 if 0 € Z. Let . be the set of monic, degree n polynomials where the
coefficient of T' is a;, for all i € Z. Then

‘( > l>—6~nq(n)

Pes
P irreducible

<qalE gl (2)

where 6 =q ' if0¢Z, and S =(q—1)"1g " Difoel.

Example (Irreducibles with two preassigned coefficients). Let us consider what Theorem 1 has to say
about the problem of preassigning two arbitrary coefficients; in other words, we look at the special
case of Theorem 1 when [ =#Z = 2.

e (Asymptotics) Theorem 1 supplies us with a main term and an error term for the number of
irreducible elements of .. We temporarily ignore the explicit inequalities and think in terms
of the big picture. Since & has order g2 and mq(n) has order g"/n (see, e.g., Lemma 4 below),

the main term has order ¢"2/n; on the other hand, the error bound has order q”’%L%J. So the

. . . 1 .
relative error is bounded by an expression of order n - >~z L2). Now putting X :=q", we see that
once n > 10,

_ log X x4 < log X _x-1/40.
loggq log2

So the relative error tends to zero as X = q" — oo, within the regime n > 10.

o (Existence results) We now take advantage of the explicit nature of the inequality (2). Fix n > 10.
For prime powers g satisfying

q 2mg(n) > ¢ 215 4 115

the estimate (2) yields

Z 1>0,
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