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1. Introduction

Duadic codes were defined by J.S. Leon, ].M. Masley and V. Pless in [5] related to the study of
idempotent generators of quadratic residue codes. This family of binary duadic codes includes the
binary quadratic codes of prime length. One of the open problems on duadic codes stated by C. Ding
and V. Pless in [1] and [2] is the following: For which primes p are there duadic codes of length p that
are not quadratic residue codes? They answered there exist infinitely many cyclotomic duadic codes
of order 4, 6. In this paper we shall show that infinitely many cyclotomic duadic codes of order 2e
exist in general. Indeed, cyclotomic duadic codes of order 2e can be found by the orbit decomposition
of ]F; via multiplicative action by 2, when 2 is a 2e-th power modulo p. The idempotent generator
of a cyclotomic duadic code is obtained as a union of those orbits and clearly some generators yield
codes that are not quadratic residue codes. The infinitely many cyclotomic duadic codes of order 2e
thereby exist if Spl{x?¢ — 2} is an infinite set, where Spl{x%¢ — 2} denotes the set of all primes such
that x2¢ — 2 factors into distinct linear polynomials modulo p. It follows from the special case of
Tschebotareff’'s density theorem.
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In Section 2 we define generalized cyclotomic numbers and describe some elementary properties
about these numbers. In Section 3 we will define duadic codes and cyclotomic duadic codes, and we
study for some orbit decomposition of F. In Section 4, first we recall the higher reciprocity law for
polynomial, and we prove the conjecture of Ding and Pless using the Tschebotareff’s density theorem.
2. Cyclotomy and its generalization

2.1. Generalized cyclotomic numbers

Let n > 2 be a positive integer, and let F; be the multiplicative group of F, where F, = Z/nZ.
A partition {Dg, D1, ..., Dg_1} of Fy is a family of sets with

DiNDj=¢ foralli#j

and

d-1
Fy=JDi
i=0

If Do is a subgroup of Fy, and there are g1, ..., g4—1 of F; such that D; = g;Dg for all i, these D;
are called generalized cyclotomic classes of order d. The generalized cyclotomic numbers of order d
are defined by

(i, Da=|Di+1)NDj

. 1,j=0,1,....d—1.

When n is prime, it is referred to as classical cyclotomic number considered in detail by C.F. Gauss in
his book ‘Disquisitiones Arithmeticae’.

2.2. Elementary properties of the number (i, j)q

Let df +1 be an odd prime and let 6 be a fixed primitive element of F,. Denote the subgroup (69)
as Do, then the coset decomposition of ) is

d—1
F: = U D,
i=0

where D; = 60iDg for i > 0. Clearly, there are at most d? distinct (classical) cyclotomic numbers of
order d and these numbers depend not only on n, d, i, j but also on which of the ¢(n — 1) primitive
elements of [, is chosen. We have the following elementary properties about cyclotomic numbers
which are not hard to prove:

d-1 1, ifi=0modd, f:even,
1° Y (.)a=f-n, wheren;=11, ifi=%modd, f:odd,
j=0 0, otherwise.

d—1

2 Zg("l)dzf_kf’ where k; = 0, otherwise.
i=

d—1

3° Diagonal sums: Z(i, i+ j)a= {
i=0

-1, ifj=0,

{L if j =0 mod d,
f
fs if j #0.



Download English Version:

https://daneshyari.com/en/article/4583291

Download Persian Version:

https://daneshyari.com/article/4583291

Daneshyari.com


https://daneshyari.com/en/article/4583291
https://daneshyari.com/article/4583291
https://daneshyari.com

