
Journal of Algebra 470 (2017) 379–419

Contents lists available at ScienceDirect

Journal of Algebra

www.elsevier.com/locate/jalgebra

Three dimensional Sklyanin algebras and Gröbner 

bases

Natalia Iyudu a,∗, Stanislav Shkarin b

a School of Mathematics, The University of Edinburgh, James Clerk Maxwell 
Building, The King’s Buildings, Mayfield Road, Edinburgh, Scotland EH9 3JZ, UK
b Queens’s University Belfast, Department of Pure Mathematics, University Road, 
Belfast, BT7 1NN, UK

a r t i c l e i n f o a b s t r a c t

Article history:
Received 29 December 2015
Available online 13 September 2016
Communicated by Volodymyr 
Mazorchuk

MSC:
17A45
16A22

Keywords:
Quadratic algebras
Koszul algebras
Calabi–Yau algebras
Hilbert series
Gröbner bases
PBW-algebras
PHS-algebras
Generalized Sklyanin algebras

We consider a Sklyanin algebra S with 3 generators, which 
is the quadratic algebra over a field K with 3 generators x, 
y, z given by 3 relations pxy + qyx + rzz = 0, pyz + qzy +
rxx = 0 and pzx +qxz+ryy = 0, where p, q, r ∈ K. This class 
of algebras enjoyed much of attention, in particular, using 
tools from algebraic geometry, Feigin, Odesskii [15], and Artin, 
Tate and Van den Bergh [3], showed that if at least two of 
the parameters p, q and r are non-zero and at least two of 
three numbers p3, q3 and r3 are distinct, then S is Koszul 
and has the same Hilbert series as the algebra of commutative 
polynomials in 3 variables.
It became commonly accepted, that it is impossible to achieve 
the same objective by purely algebraic and combinatorial 
means, like the Gröbner basis technique. The main purpose 
of this paper is to trace the combinatorial meaning of the 
properties of Sklyanin algebras, such as Koszulity, PBW, PHS, 
Calabi–Yau, and to give a new constructive proof of the above 
facts due to Artin, Tate and Van den Bergh.
Further, we study a wider class of Sklyanin algebras, namely 
the situation when all parameters of relations could be 
different. We call them generalized Sklyanin algebras. We 
classify up to isomorphism all generalized Sklyanin algebras 
with the same Hilbert series as commutative polynomials on 
3 variables. We show that generalized Sklyanin algebras in 
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general position have a Golod–Shafarevich Hilbert series (with 
exception of the case of field with two elements).

© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

It is well-known that algebras arising in string theory, from the geometry of Calabi–
Yau manifolds, that is, various versions of Calabi–Yau algebras, enjoy the potentiality-
like properties. This in essence comes from the symplectic structure on the manifold. 
The notion of noncommutative potential was first introduced by Kontsevich in [13]. Let 
F = C〈x1, . . . , xn〉, then the quotient vector space Fcyc = F/[F, F ] has a simple basis 
labeled by cyclic words in the alphabet x1, . . . , xn. For each j = 1, . . . , n in [13] it was in-
troduced a linear map δ

δxj
: Fcyc → F defined by its action on monomials Φ = xi1 . . . xin

by

δΦ
δxj

=
∑

s|is=j

xis+1xis+2 . . . xirxi1xi2 . . . xis−1

So, for any element Φ ∈ Fcyc, which is called a potential, one can define a collection of 
elements δΦ

δxi
for 1 � i � n. An algebra which has a presentation:

U = C〈x1, . . . , xn〉/
{
δΦ
δxi

}
1�i�n



Download English Version:

https://daneshyari.com/en/article/4583587

Download Persian Version:

https://daneshyari.com/article/4583587

Daneshyari.com

https://daneshyari.com/en/article/4583587
https://daneshyari.com/article/4583587
https://daneshyari.com

