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Let k be an algebraically closed field of prime characteristic p, 
G a finite group and P a p-subgroup of G. We investigate the 
relationship between the fusion system FP (G) and the Brauer 
indecomposability of the Scott kG-module in the case that P
is not necessarily abelian. We give an equivalent condition for 
Scott kG-module with vertex P to be Brauer indecomposable.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Let G be a finite group and k an algebraically closed field of prime characteristic p. For 
a p-subgroup Q of G and a finite dimensional kG-module M , the Brauer quotient M(Q) of 
M with respect to Q has a natural structure of a kNG(Q)-module. A kG-module M is said 
to be Brauer indecomposable if M(Q) is indecomposable or zero as a kQCG(Q)-module 
for any p-subgroup Q of G [6]. Brauer indecomposability of p-permutation modules is 
important for constructing stable equivalences of Morita type between blocks of finite 
groups (see [2]).

For subgroups Q, R of G, we denote by HomG(Q, R) the set of all group homomor-
phisms from Q to R which are induced by conjugation by some element of G. For a 
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p-subgroup P of G, the fusion system FP (G) of G over P is the category whose objects 
are the subgroups of P and whose morphism set from Q to R is HomG(Q, R). We refer 
the reader to [1] for background involving fusion systems.

A relationship between Brauer indecomposability of p-permutation kG-modules and 
fusion systems was given in [6]. The main result in [6] is the following.

Theorem 1.1 ([6, Theorem 1.1]). Let P be a p-subgroup of G and M an indecomposable 
p-permutation kG-module with vertex P . If M is Brauer indecomposable, then FP (G) is 
a saturated fusion system.

In the special case that P is abelian and M is the Scott kG-module S(G, P ), the 
converse of the above theorem holds.

Theorem 1.2 ([6, Theorem 1.2]). Let P be an abelian p-subgroup of G. If FP (G) is 
saturated, then S(G, P ) is Brauer indecomposable.

We do not know whether the above theorem holds for non-abelian P . However, there 
are some cases in which the Scott kG-module S(G, P ) is Brauer indecomposable, even 
if P is not necessarily abelian (see [10]).

We investigate the condition that S(G, P ) to be Brauer indecomposable where P is 
not necessarily abelian. The following result is one of the main results of this paper.

Theorem 1.3. Let G be a finite group and P a p-subgroup of G. Suppose that M = S(G, P )
and that FP (G) is saturated. Then the following are equivalent.

(i) M is Brauer indecomposable.
(ii) ResNG(Q)

QCG(Q)S(NG(Q), NP (Q)) is indecomposable for each fully normalized subgroup 
Q of P .

If these conditions are satisfied, then M(Q) ∼= S(NG(Q), NP (Q)) for each fully normal-
ized subgroup Q ≤ P .

A similar result is obtained independently in [5] by R. Kessar, S. Koshitani and 
M. Linckelmann. In their theorem [5, Theorem 1.1], they obtain a better condition than 
ours since they assume that FP (G) = FP (NG(P )) which we do not assume.

The following theorem shows that ResNG(Q)
QCG(Q)S(NG(Q), NP (Q)) is indecomposable in 

certain cases.

Theorem 1.4. Let G be a finite group, P a p-subgroup of G and Q a fully normalized 
subgroup of P . Suppose that FP (G) is saturated. Moreover, we assume that there is a 
subgroup HQ of NG(Q) satisfying the following two conditions:



Download English Version:

https://daneshyari.com/en/article/4583590

Download Persian Version:

https://daneshyari.com/article/4583590

Daneshyari.com

https://daneshyari.com/en/article/4583590
https://daneshyari.com/article/4583590
https://daneshyari.com

