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The cohomology of the configuration space of n points 
in R3 is isomorphic to the regular representation of the 
symmetric group, which acts by permuting the points. 
We give a new proof of this fact by showing that the 
cohomology ring is canonically isomorphic to the associated 
graded of the Varchenko–Gelfand filtration on the cohomology 
of the configuration space of n points in R1. Along the 
way, we give a presentation of the equivariant cohomology 
ring of the R3 configuration space with respect to a circle 
acting on R3 via rotation around a fixed line. We extend 
our results to the settings of arbitrary real hyperplane 
arrangements (the aforementioned theorems correspond to 
the braid arrangement) as well as oriented matroids.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Definition 1.1. Let V be a finite dimensional real vector space, and let A = {H1, . . . , Hn}
be a hyperplane arrangement in V given by Hi = ω−1

i (0) for some non-constant affine 
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linear form ωi : V → R. Let ωi be the associated linear map. Define affine linear maps 
ωi,k : V k → Rk by

ωi,k(v1, . . . , vk) = (ωi(v1), ωi(v2), . . . , ωi(vk)).

The space Mk(A) is defined to be the complement of the union of the affine subspaces

ω−1
i,k (0, 0, . . . , 0).

When k = 1, this is just the complement of the arrangement. When k = 2, this is 
isomorphic to the complement of the complexified arrangement. When A is the braid 
arrangement Bn, Mk(A) is the configuration space of n ordered points in Rk.

Consider the ring1 H0(M1(A)) of locally constant functions on M1(A). Varchenko 
and Gelfand defined a filtration of this ring via Heaviside functions. Let

H+
i = {v ∈ V | ωi(v) > 0} ,

and let

H−
i = {v ∈ V | ωi(v) < 0} .

Define the Heaviside function xi ∈ H0(M1(A)) by putting

xi(v) =
{

1 v ∈ H+
i

0 v ∈ H−
i .

Proposition 1.2. [1, Thm 4.5] Consider the map ψ : Q[e1, . . . , en] → H0(M1(A)) taking 
ei to xi, and let I1 be the kernel. This map is surjective, and I1 is generated by the 
following relations:

(1) e2
i − ei

(2)
∏
i∈S+

ei
∏

j∈S−

(ej − 1) if
⋂

i∈S+

H+
i ∩

⋂
j∈S−

H−
j = ∅

(3)
∏
i∈S+

ei
∏

j∈S−

(ej − 1) −
∏
i∈S+

(ei − 1)
∏

j∈S−

ej

if
⋂

i∈S+

H+
i ∩

⋂
j∈S−

H−
j = ∅ and

⋂
i∈(S+∪S−)

Hi �= ∅.

Remark 1.3. Note that only families (1) and (2) are necessary to generate I1. However, 
in the case that A is central, only families (1) and (3) are necessary to generate I1

1 All cohomology rings in this paper will be taken with coefficients in Q.
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