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For a group G we study homological and homotopical 
properties of the group χ(G) = 〈G, Gψ | [g, gψ] = 1 for g ∈
G〉. In particular, we show that the operator χ preserves the 
soluble of type FP∞ property.
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1. Introduction

In [30] Sidki associated to an arbitrary group G a new group χ(G) which is defined by 
two isomorphic copies of G and satisfies some natural commutator relations. It turned out 
that for G finite, the group χ(G) is always finite and for an arbitrary G, surprisingly χ(G)
has a subquotient that is isomorphic to the Schur multiplier H2(G, Z). By definition

χ(G) = 〈G,Gψ | [g, gψ] = 1 for g ∈ G〉,
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where ψ : G → Gψ is an isomorphism of groups. As shown in [30, Thm. C] if P is 
one of the following classes of groups : finite π-groups, where π is a set of primes; finite 
nilpotent groups; solvable groups; perfect groups and G ∈ P then χ(G) ∈ P. Later on 
Gupta, Rocco and Sidki showed in [19] that if G is finitely generated nilpotent then 
χ(G) is nilpotent and found bounds on the nilpotency class of χ(G). Recently Lima and 
Oliveira proved that if G is polycyclic-by-finite then χ(G) is polycyclic-by-finite [22]. 
Our first result on χ(G) considers the case when G is soluble of homological type FP∞. 
Recall that a group G is of type FPm if there is a projective resolution of the trivial 
ZG-module Z with finitely generated projectives in dimension ≤ m and G is of type 
FP∞ if it is of type FPm for every m. Our first theorem shows that the operator χ
preserves the soluble of type FP∞ property.

Theorem A. Let G be a soluble group of type FP∞. Then χ(G) is a soluble group of type 
FP∞.

As shown by Sidki in [30] the group χ(G) has two normal abelian subgroups R(G)
and W (G) such that χ(G)/W (G) is isomorphic to a subgroup of G ×G ×G that contains 
the commutator subgroup and W (G)/R(G) � H2(G, Z). The crucial point of the proof 
of Lima and Oliveira in [22] is that if G is polycyclic-by-finite then W (G) is finitely 
generated. We generalize the main idea of this proof by introducing a more complicated 
homological argument that uses spectral sequences, see Theorem 6.1, which is a homo-
logical version of Martinez-Perez’s result [23, Thm. C]. This enables us to prove the 
following theorem.

Theorem B. Let G be a group of type FP2 such that G′/G′′ is finitely generated. Then 
W (G) is finitely generated.

As a corollary we obtain

Corollary C. If G is finitely presented and G′/G′′ is finitely generated then χ(G) is finitely 
presented.

Recall that a group G has homotopical type Fm if there is a K(G, 1) complex with 
finite m-skeleton. In particular a group is of type F2 if and only if it is finitely presented. 
For m ≥ 2 a group is of type Fm if and only if it is FPm and finitely presented. Using the 
link between Σ-theory and results of Bieri and Renz [11,29] on homological/homotopical 
properties of subgroups containing the commutator subgroup, we establish the following 
result.

Theorem D. Let G be a group of type Fk (respectively type FPk) and the commutator sub-
group G′ has type Fs (respectively type FPs). Suppose that k ≤ 3s +2. Then χ(G)/W (G)
has type Fk (respectively type FPk). Furthermore if G′/G′′ is finitely generated and k ≥ 2
we have that χ(G) has type Fk (respectively type FPk).
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