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The influence of the cyclic subgroups of order p or 4 of the 
focal subgroup of a saturated fusion system F over a p-group 
S is investigated in this paper. Some criteria for normality 
of S in F as well as necessary and sufficient conditions for 
nilpotency of F are given. The resistance of a p-group in which 
every cyclic subgroup of order p or 4 is normal, and earlier 
results about p-nilpotence of finite groups and nilpotency of 
saturated fusion systems are consequences of our study.
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1. Introduction and statements of results

All groups considered in this paper are finite and p is always understood to be a fixed 
prime. We shall adhere to the notation used in [1] and we refer the reader to that book 
for the basic notation, terminology and results.
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The theory of fusion systems is becoming an important topic in algebra, with emerging 
interactions with local finite group theory, representation theory and algebraic topology. 
Recall that if S is a Sylow p-subgroup of a group G, then the fusion system of G on 
S is the category FS(G), whose objects are all subgroups of S and whose morphisms 
are those induced by conjugation in G (see [1, Part I, Definition 1.1]). FS(G), that was 
originally considered by Puig in the seventies, describes how subgroups of S are related 
by G-conjugation and determines a large part of the p-local behaviour of the group G. 
In fact many classical results of fusion in Sylow p-subgroups as Burnside and Frobenius 
p-nilpotence criteria, Alperin’s fusion Theorem and Goldschmidt’s fusion Theorem can 
be interpreted as results about FS(G).

The above category can be considered as a standard example of a saturated fusion 
system, a concept introduced by Puig in the early nineties. A saturated fusion system over 
a p-group S is a category whose objects are the subgroups of S, and whose morphisms 
satisfy certain axioms mimicking those satisfied by morphisms induced by conjugation 
in some ambient group over the subgroups of one of its Sylow p-subgroups (see [1, Part I, 
Definition 1.1]).

This article is concerned with the focal subgroup focG(S) of a Sylow p-subgroup S of 
a group G and its extension within the framework of fusion systems. The importance of 
the focal subgroup in this context comes from the fact that it is determined entirely by 
p-fusion and detects whether the whole group has a non-trivial p-factor group. According 
to [6, Theorem 7.3.4], we have the following description of the focal subgroup.

focG(S) = S ∩G′ = 〈x−1xg : x ∈ S, g ∈ G such that xg ∈ S〉.

This description seems to be appropriated as a definition of the focal subgroup of the 
fusion system FG(S) and motivates the definition of the focal subgroup of a saturated 
fusion system:

Definition 1.1 ([1, Part I, Definition 7.1]). For any saturated fusion system F on a 
p-group S, the focal subgroup, foc(F), is

foc(F) = 〈[P,AutF (P )] : P ≤ S〉 = 〈g−1gα : g ∈ P ≤ S, α ∈ AutF (P )〉.

Let F be a saturated fusion system over a p-group S. Recall that S is normal in F
if for all P ≤ S and all ϕ ∈ HomF (P, S), ϕ extends to a morphism ϕ̄ ∈ AutF (S) (see 
[1, Part I, Definition 4.1]). If S is normal in any saturated fusion system over S, we say 
that S is resistant [9].

Our main result gives a necessary and sufficient condition for a p-group S to be normal 
in a saturated fusion system F over S in terms of the subgroups of prime order or order 4 
of foc(F).

Theorem A. Let F be a saturated fusion system over a p-group S. Then S is normal 
in F if and only if for each cyclic subgroup P of foc(F) of order p or 4 and each ϕ ∈
HomF (P, foc(F)), ϕ extends to a morphism ϕ̄ ∈ AutF (S).
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