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In this work a combinatorial approach towards the weak 
Lefschetz property is developed that relates this property 
to enumerations of signed perfect matchings as well as to 
enumerations of signed families of non-intersecting lattice 
paths in certain triangular regions. This connection is used 
to study Artinian quotients by monomial ideals of a three-
dimensional polynomial ring. Extending a main result in the 
recent memoir [1], we completely classify the quotients of type 
two that have the weak Lefschetz property in characteristic 
zero. We also derive results in positive characteristic for 
quotients whose type is at most two.

© 2016 Elsevier Inc. All rights reserved.

✩ Part of the work for this paper was done while the authors were partially supported by the National 
Security Agency under Grant Number H98230-09-1-0032. The second author was also partially supported by 
the National Security Agency under Grant Number H98230-12-1-0247 and by the Simons Foundation under 
grants #208869 and #317096. The authors are grateful to the referee for carefully reading the manuscript 
and helpful comments.
* Corresponding author.

E-mail addresses: dwcook@eiu.edu (D. Cook), uwe.nagel@uky.edu (U. Nagel).

http://dx.doi.org/10.1016/j.jalgebra.2016.06.004
0021-8693/© 2016 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jalgebra.2016.06.004
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
mailto:dwcook@eiu.edu
mailto:uwe.nagel@uky.edu
http://dx.doi.org/10.1016/j.jalgebra.2016.06.004
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2016.06.004&domain=pdf


286 D. Cook II, U. Nagel / Journal of Algebra 462 (2016) 285–319

1. Introduction

A standard graded Artinian algebra A over a field K is said to have the weak Lefschetz 
property if there is a linear form � ∈ A such that the multiplication map ×� : [A]i →
[A]i+1 has maximal rank for all i (i.e., it is injective or surjective). The algebra A has 
the strong Lefschetz property if ×�d : [A]i → [A]i+d has maximal rank for all i and d. 
The names are motivated by the conclusion of the Hard Lefschetz Theorem on the 
cohomology ring of a compact Kähler manifold. Many algebras are expected to have the 
Lefschetz properties. However, deciding whether a Lefschetz property does indeed hold 
true is often a very challenging problem.

The presence of the weak Lefschetz property has profound consequences for an algebra 
(see [19]). For example, Stanley used this in his contribution [37] towards the proof of 
the so-called g-Theorem that characterizes the face vectors of simplicial polytopes. It has 
been a longstanding conjecture whether this characterization extends to the face vectors 
of all triangulations of a sphere. In fact, this would be one of the consequences if one can 
show the so-called algebraic g-Conjecture, which posits that a certain algebra has the 
strong Lefschetz property (see [31] and [32]). Although there has been a flurry of papers 
studying the Lefschetz properties in the last decade (see, e.g., [2–5,13,17,18,21–23,25,28]), 
we currently seem far from being able to decide the above conjectures. Indeed, the need 
for new methods has led us to consider lozenge tilings, perfect matchings, and families of 
non-intersecting lattice paths. We use this approach to establish new results about the 
presence or the absence of the weak Lefschetz property for quotients of a polynomial ring 
R in three variables. This is the first open case as any Artinian quotient of a polynomial 
ring in two variables has even the strong Lefschetz property in characteristic zero [19].

If I is a monomial ideal, then R/I is Artinian of type one if and only if I is generated by 
the powers of the three variables. It is well-known that in this case R/I has the Lefschetz 
properties if the base field has characteristic zero (see [36,35,38,12]). We extent this result 
by providing a version for base fields of arbitrary characteristic (see Theorem 6.2).

Monomial algebras R/I of type two were considered in the recent memoir [1]. One 
of its main results says that, in characteristic zero, these algebras have the weak Lef-
schetz property, provided they are also level. Examples show that this may fail if one 
drops the level assumption or if K has positive characteristic. However, the intricate 
proof in the level case of [1, Theorem 6.2] does not give any insight when such failures 
occur. We resolve this by completely classifying all type two algebras that have the weak 
Lefschetz property if the characteristic is zero or large enough (see Theorem 7.2 and 
Proposition 7.9).

The structure of this paper is as follows. In Section 2, we recall or derive some general 
results about the presence of the weak Lefschetz property. In Section 3, we describe a 
key relation between a monomial ideal and a triangular region, a certain planar region, 
as introduced in [11]. In Section 4, we consider signed lozenge tilings of a triangular 
region, using two a priori different signs. We show that both signs lead to enumerations 
of signed lozenge tilings that completely control the presence of the weak Lefschetz 
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