
Journal of Algebra 454 (2016) 292–307

Contents lists available at ScienceDirect

Journal of Algebra

www.elsevier.com/locate/jalgebra

Groups having a faithful irreducible representation

Fernando Szechtman 1

Department of Mathematics and Statistics, University of Regina, Canada

a r t i c l e i n f o a b s t r a c t

Article history:
Received 7 April 2015
Available online 8 February 2016
Communicated by Leonard L. 
Scott, Jr.

MSC:
20C15
20C20

Keywords:
Irreducible representation
Faithful representation

We address the problem of finding necessary and sufficient 
conditions for an arbitrary group, not necessarily finite, to 
admit a faithful irreducible representation over an arbitrary 
field.
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1. Introduction

We are interested in the problem of finding necessary and sufficient conditions for 
a group to have a faithful irreducible linear representation. Various criteria have been 
found when the group in question is finite, as described in §2, so we will concentrate 
mainly on infinite groups.

Let G be an arbitrary group. Recall that Soc(G) is the subgroup of G generated 
by all minimal normal subgroups of G. It is perfectly possible for Soc(G) to be trivial. 
We denote by S(G), T(G) and F(G) the subgroups of Soc(G) generated by all minimal 
normal subgroups of G that are non-abelian, torsion abelian and torsion-free abelian, 

E-mail address: fernando.szechtman@gmail.com.
1 The author was supported in part by an NSERC discovery grant.

http://dx.doi.org/10.1016/j.jalgebra.2015.12.030
0021-8693/© 2016 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jalgebra.2015.12.030
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
mailto:fernando.szechtman@gmail.com
http://dx.doi.org/10.1016/j.jalgebra.2015.12.030
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2015.12.030&domain=pdf


F. Szechtman / Journal of Algebra 454 (2016) 292–307 293

respectively. For each prime p, let T(G)p be the p-part of T(G). It is a vector space 
over Fp. Let Π(G) be the set of all primes p such that T(G)p is non-trivial.

One readily verifies that T(G) F(G) is abelian and throughout the paper we view 
T(G) F(G) as a ZG-module, with G acting by conjugation. Thus, a minimal normal 
subgroup of G contained in T(G) F(G) is nothing but an irreducible ZG-submodule 
of T(G) F(G).

A normal subgroup N of G is said to be essential if every non-trivial normal subgroup 
of G intersects N non-trivially.

With this level of generality, it seems unavoidable that the desired necessary and 
sufficient conditions be stated separately. Our main results are as follows.

Theorem 1.1. Let G be a group and let K be a field such that:

(1) Soc(G) is essential;
(2) If K has prime characteristic p and M is a minimal normal subgroup of G as well 

as a non-abelian p-group that is not finitely generated, then M admits a non-trivial 
irreducible representation over K.

(3) char(K) /∈ Π(G);
(4) T(G) has a subgroup S such that T(G)/S is locally cyclic and coreG(S) = 1.

Then G has a faithful irreducible representation over K.

Although condition (1) plays a critical role for us, it is certainly not necessary, as 
illustrated by the free group F{x, y} on 2 generators. It has no minimal normal subgroups 

and can be faithfully represented, e.g. via x �→
(

1 2
0 1

)
, y �→

(
1 0
2 1

)
, as in irreducible 

subgroup of GL2(C) (cf. [17, §2.1]).
In connection to condition (2), it is an open question whether a non-abelian simple 

p-group exists lacking non-trivial irreducible representations in prime characteristic p. 
The answer is known to be negative under the additional assumption that the group 
be finitely generated, as shown in [15, Theorem 6.3]. Regardless of the outcome of this 
question, let M = M(Q, ≤, Fp) be the McLain group [11], where ≤ is the usual order 
on the rational field Q and p is a prime. Then M is a minimal normal subgroup of G =
M �Aut(M) (in fact, M = Soc(G)) as well as a non-abelian p-group that is not finitely 
generated. Moreover, the only irreducible FpM -module is the trivial one (since M is 
a locally finite p-group). Groups like G lie beyond the scope of Theorem 1.1. Perhaps 
surprisingly, M�Aut(M) does have a faithful irreducible representation over Fp (see [20]
for details).

In regards to the necessity of conditions (3) and (4), we have the following result.

Theorem 1.2. Let G be a group such that [G : CG(N)] < ∞ for every minimal normal 
subgroup N of G contained in T (G). Let K be a field and suppose that G admits a faithful 
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