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Introduction

Nonassociative cyclic algebras of degree n are canonical generalizations of associative
cyclic algebras of degree n and were first introduced over finite fields by Sandler [17].
Nonassociative quaternion algebras (the case n = 2) constituted the first known examples
of a nonassociative division algebra (Dickson [5]). Nonassociative cyclic algebras were
investigated over arbitrary fields by Steele [19,20], see also [14].
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In the following we study the tensor product A = Dy ®p, D; of an associative and a
nonassociative cyclic algebra over a field Fyy and give conditions for A to be a division
algebra. We discover that these tensor product algebras are used in space-time block
coding [11-13], and employed to construct some of the iterated codes by Markin and
Oggier [9].

After recalling results needed in the paper in Section 1, results by Petit [10] are used
to show that the iterated algebras Ity (D, 7,d) introduced in [11-13] can be defined
using polynomials in skew-polynomial rings over D when D is a cyclic division algebra
(Theorem 7) in Section 2. In Section 3 we show that for an associative division algebra
D = (L/Fy,0,¢) ®p, F, L and F linearly disjoint over Fy,

(L/F‘(],O'7 C) ®F0 (F’/Fb,T7 d) = Sf = Itg(D,T, d),

where the twisted polynomial f(t) = t™ —d € D[t;77!], 7 an automorphism of D
canonically extending 7, is used to construct the algebra Sy (Theorem 11). Section 3
contains the main results: if Dy is an associative cyclic algebra over Fy such that D =
Dy ®F, F is a division algebra, and Dy = (F/Fy, T, d) a nonassociative cyclic algebra of
degree m, L and F linearly disjoint over Fy, then Dy ®p, D; is a division algebra if and
only if f(t) = t™ — d is irreducible in D[t;7~!] (Theorem 16).

Assume further that m is prime and if m # 2,3, that Fjy contains a primitive mth
root of unity. Then (L/Fy,0,c¢) ®p, (F/Fy,T,d) is a division algebra if and only if

d# 27(2) -7 (2)

for all z € D. This generalizes the classical condition for the tensor product of two
associative cyclic algebras [6, Theorem 1.9.8] (see also Theorem 13), to the nonassocia-
tive setting. Some more detailed conditions are obtained for special cases. For instance,
if char Fy # 2, Dy is an associative quaternion algebra over Fy which remains a divi-
sion algebra over F', and D; a nonassociative quaternion algebra, such that Dy and D,
do not share a common subfield, then Dy ®, D; is always a division algebra over Fj
(Theorem 17). In Section 4, we discuss how our results can be applied to systematically
construct fully diverse fast-decodable space—time block codes for nm transmit and m
receive antennas. We thus generalize the set-up discussed in [9, Section V.A] which is
limited to tensor products of a cyclic algebra of degree three and a nonassociative quater-
nion algebra, i.e. ton = 3, m = 2, and see that Theorems 16, 17 and 18 provide conditions
for an iterated code consisting of larger matrices (where m > 2) to be fully diverse. We
then design a new family of fast-decodable fully diverse 4 x 2-codes with non-vanishing
determinant starting with the Silver code, which have decoding complexity O(M*?), i.e.
the same decoding complexity as all state-of the art fast-decodable fully diverse 4 x 2
codes. Thus our construction allows us to systematically design codes whose decoding
complexity is competitive with the ones designed ‘ad hoc’ like the SR-code [16, IV.B] or
the code in [8] and which also have non-vanishing determinant.
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