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1. Introduction

A well-known result, usually attributed to Levi [19] though already proved by Hopkins
[15] and in parts by Burnside [4], states that a group G satisfying the 2-Engel condition
[z,y,y] = 1 for all x,y € G is nilpotent of class at most 3 with [G’, G] of exponent
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dividing 3, where G’ denotes the derived subgroup of G. (For the history of this result
and a presentation of the general theory of n-Engel groups we refer to the survey of
Traustason [22].)

In the present paper we assume the 2-Engel condition only for certain pairs of elements.
More precisely, we investigate groups generated by two subgroups A and B such that
[a,b,0] = [b,a,a] =1 for all a € A and b € B. Of course, this is equivalent to saying
that (a,b) is nilpotent of class at most 2 for all @ € A and b € B. In the terminology
of [5] this property can be stated as A and B being Ns-connected where Ny denotes
the class of nilpotent groups of class at most 2. Therefore this paper can also be seen
as a contribution to the study of C-connected subgroups for various classes of groups C
(cf. [2,6,8-10,14]).

For MNs-connected subgroups A and B, our main objective is to obtain information
about the structure and embedding of [A, B] and certain distinguished subgroups of A
and B.

One of the basic results is that [A, B] centralizes A’ and B’ (Proposition 3.2 (i)).
Moreover, [A’, B] centralizes A whence, setting G = (4, B), [A",B’] < Z(G) (Theo-
rem 4.8 (i)).

Denoting by A? the group (a?|la € A), we show in Theorem 4.1 and Theorem 4.8
that [4%, B] < Z([A, B]) N Z3(G). In particular, if A2 = A or B2 = B, the commutator
[A, B] is abelian. The same is true if [A, B]’ does not contain an element of order 2
(Corollary 4.3) or if A and B are normal in G (Theorem 6.1). However, in general this
need not be the case. In Section 7 we construct examples of finite 2-groups generated by
Na-connected subgroups A and B where [A, B is nilpotent of arbitrarily large derived
length (and hence also of arbitrarily large class).

It is easy to see that for infinite N5-connected subgroups A and B the commutator
subgroup [A, B] need not be nilpotent (Remark 4.7). In yet unpublished work, R. Dark
has constructed examples of groups generated by two Na-connected elementary abelian
subgroups A and B, each of order 4, where in one of these [A, B] is infinite (and hence
not nilpotent) and in the other [A, B] is finite and not nilpotent.

For finite groups, nilpotency of [A, B] is equivalent to the subnormality of A and
B in G (see Theorem 2.3). In light of Dark’s examples just mentioned it is interesting
that for arbitrary N3-connected subgroups A and B of G = (A, B) certain characteristic
subgroups of A and B are subnormal in G. It is shown in Theorem 5.1 that A2 is
subnormal in G of defect at most 3, A’ is subnormal in G of defect at most 2 and the
higher terms of the lower central series of A centralize B and are therefore normal in G.

Theorem 5.3 is concerned with the intersection of A and B: A N B is a nilpotent
subgroup of class at most 3; it is subnormal in G of defect at most 3. Moreover, [(A N
B)',G] is a central elementary abelian 3-subgroup of G. For A = B = G, this is just the
result of Hopkins and Levi.

We conclude these introductory remarks by pointing out that for normal A3-connected
subgroups A and B significantly stronger statements are possible than those in the
general situation. We mentioned already that in this case [A, B] is abelian. Furthermore,
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