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Cyclic sum formula

1. Introduction

Multiple zeta and zeta-star values are defined, for positive integers kq,...,k; with
k1 > 2, by convergent series

1
C(k17...7kl): Z R C*(klﬂ"'akl): Z k1 mkz’
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abbreviated as MZVs and MZSVs, respectively. Decomposing the region of the sum of
the defining series of MZSVs into 2" ! regions by separating each ‘>’ into ‘>’ and ‘=",
we immediately find the (symbolic) invertible linear transformation between MZVs and

MZSVs. For example,

C*(k1, ko) = C(k1, k2) + C(k1 + k2),

C*(k1, ko, k3) = C(ki1, ko, k3) + C(k1 + ko, k3) + C(k1, k2 + k3) + (k1 + ko + k3).

Let ¢ be a variable. In [11] Yamamoto introduced the following interpolation polyno-
mial of MZVs and MZSVs.

ko, k) =Y t79PP)((p) (€ R[Y)), (1)

where dep(p) is the depth (length) of p and p runs over all indices of the form
p=(k O Ok)

in which each O is filled by the comma, or the plus +. We call this polynomial t-MZV.
Note that (° = ¢ (MZV) and ¢! = ¢* (MZSV).

In this paper, we discuss certain quadratic formula which contains the cyclic sum
formula for t-MZVs. In Section 2, we show the quadratic formula for -MZVs as follows.
Notations are described in next two sections.

Theorem 1. For any m > 1 and any v, w € H;y, we have

S° Zulei(v) ® (e +y)P 1 y) Zulpu(w) @ (—tz +9)01y)
p+g=m

= —Zi(pu(v % w) ® (—tz + )" y).

When ¢t = 0 and t = 1, these formulas for MZVs and MZSVs are called Kawashima
relations which first appeared in [5] (also see [8,9]). Kawashima relations are of impor-
tance since those for MZVs are expected to give whole relations among MZVs as well as
extended double shuffle relations [4,7] or associator relations [1].

As an application, the following cyclic sum formula for t--MZVs is again proved. (The
original appearance of the cyclic sum formula for MZVs and MZSVs are proved respec-
tively in [3] and [6].)
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