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1. Introduction

Throughout this paper, we assume that (R, m, k) is a d-dimensional Cohen—Macaulay
local ring with canonical module w. All R-modules are assumed to be finitely generated.
Denote by modR the category of finitely generated R-modules and by MCM the full
subcategory of modR consisting of maximal Cohen—Macaulay R-modules.

We define (—)' := Homg(—,w) and 657 : M — M as a natural homomorphism for
an R-module M. Note that if M is maximal Cohen—Macaulay, d,; is an isomorphism.
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Let X be a full subcategory of modR. The notion of X-(pre)covers and X-(pre)en-
velopes have been playing an important role in the representation theory of algebras;
see [4-6,8,9,13] for instance. For X = MCM, a celebrated theorem due to Auslander and
Buchweitz [3] says that for any R-module M, there exists a short exact sequence

0-Y L x 5 M=o

where X is maximal Cohen—Macaulay and Y has finite injective dimension. The map 7
is called a maximal Cohen—Macaulay approximation of M. Then 7 is an MCM-precover
of M, and is an MCM-cover if Y and X have no non-zero common direct summand via f.
If R is Henselian, every R-module has an MCM-cover; see [12,15].

In this paper we mainly study the MCM-envelope, and the MCM-preenvelope which
is called special. A result of Holm [10, Theorem A] states that every R-module has a
special MCM-preenvelope, and if R is Henselian, every R-module has an MCM-envelope.
It is natural to ask when a given homomorphism is a special MCM-preenvelope or an
MCM-envelope, and we give an answer to this question by using the kernels and cokernels.
Our first main result is the following theorem.

Theorem 1.1. Let p: M — X be an R-homomorphism such that X is maximal Cohen—
Macaulay.

(1) The following are equivalent.

(a) u is a special MCM-preenvelope of M.

(b) codim(Ker z1) > 0 and Extp(Coker 1, MCM) = 0.

(¢) codim(Kerp) > 0, and there exists an exact sequence 0 — S — Cokery — T —
U — 0 such that
e codimS§ > 1,
e codimU > 2,
o T satisfies (Sa),
o T' has finite injective dimension and satisfies (S3).

(2) The following are equivalent if R is Henselian.

(a) u is an MCM-envelope of M.

(b) codim(Ker ) > 0, Extj(Coker i, MCM) = 0 and Coker(u't) has no free sum-
mand.

(c) codim(Ker ) > 0, and there exists an evact sequence 0 — S — Coker u — T —
U — 0 such that
e codimS > 1,
o codimU > 2,
o T satisfies (S2),
o T' has finite injective dimension and satisfies (S3),
o Imu has no non-zero free summand.
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