Journal of Algebra 445 (2016) 136-162

Contents lists available at ScienceDirect

JouRALOF
Journal of Algebra

ELSEVIER www.elsevier.com/locate/jalgebra

On groups generated by involutions of a semigroup @ CossMark

James East »*, Thomas E. Nordahl®

2 Centre for Research in Mathematics; School of Computing, Engineering and

Mathematics, University of Western Sydney, Locked Bag 1797, Penrith NSW 2751,

Australia

b Department of Psychiatry and Behavioral Sciences; Imaging Research Center,

University of California Davis, Davis, CA 95616, United States

ARTICLE INFO ABSTRACT

Article history: An involution on a semigroup S (or any algebra with an

Recglved 10 May 2015 underlying associative binary operation) is a function a : S —

é"allable_Onhgebnsepte“;bfr 5015 S that satisfies a(zy) = a(y)a(z) and a(a(z)) = z for all

Jrommumcate y Leonard L. Scott, z,y € S. The set I(S) of all such involutions on S generates a
' subgroup ¢ (S) = (I(S)) of the symmetric group Sym(S) on

For Ed Scheiblich on the occasion of the set S. We investigate the groups €'(S) for certain classes of

his 77th birthday. semigroups S, and also consider the question of which groups

are isomorphic to € (S) for a suitable semigroup S.

MSC: © 2015 Elsevier Inc. All rights reserved.

20M15

20B25

20B27

20M20

Keywords:

Semigroups

Involutions

Automorphisms

Anti-automorphisms

* Corresponding author.
E-mail addresses: J.EastQuws.edu.au (J. East), tenordahl@Qucdavis.edu (T.E. Nordahl).

http://dx.doi.org/10.1016/j.jalgebra.2015.08.018
0021-8693/© 2015 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jalgebra.2015.08.018
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
mailto:J.East@uws.edu.au
mailto:tenordahl@ucdavis.edu
http://dx.doi.org/10.1016/j.jalgebra.2015.08.018
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2015.08.018&domain=pdf

J. East, T.E. Nordahl / Journal of Algebra 445 (2016) 136—162 137
1. Introduction

Involutions are ubiquitous in many branches of mathematics, and have played a par-
ticularly significant role in algebra. There are algebras that have (external) involution op-
erators defined on them [2,7,15,39,43,46,61,73,76,80,84,91], as well as algebras generated
by (internal) involutions such as the well-known Coxeter Groups, mapping class groups,
special linear groups, and non-abelian finite simple groups [13,18,40,48,57,58,72,94]. An
(internal) involution in a group is an element of order 2 (i.e., a non-identity element
a that satisfies a®> = 1). An (external) involution on a semigroup S (or any algebra
with an underlying associative binary operation) is a function « : S — S satisfying
ala(z)) = z and a(zy) = a(y)a(z), for every z,y € S. Many varieties of semigroups
and algebras have involutory unary operations built into their signature, including the
classes of groups, inverse semigroups [61], cellular algebras [39], C*-algebras [2,32,33,91],
MI-groups [7], and regular x-semigroups [76]; the latter class models (for example) several
diagram monoids [5,6,23-25,28,35,59,66,70].

Some well-known algebras have multiple involutions defineable on them. For exam-
ple, the inverse and transpose maps A — A~ and A — AT both define involutions on
the general linear group GL(n, F), which consists of all invertible n x n matrices over a
field F. The composition of these two involutions (i.e., the map A — (AT)~1 = (4~HT)
is a non-inner automorphism of GL(n, F'). Commuting involutions on a semisimple al-
gebraic group (such as the inverse and transpose maps on the special linear group
SL(n, F) C GL(n, F)) yield a Zs x Zs-grading on the associated Lie algebra [78]. Scheib-
lich [87] gave examples of bands (idempotent semigroups) for which two involutions give
rise to non-isomorphic regular *-semigroups. Auinger et al. [5] studied two different in-
volutions on the finite partition monoids (and related diagram monoids) in the context
of (inherently) non-finitely based equational theories; one of these involutions leads to a
regular #-semigroup structure and the other does not. Winker et al. [93] gave examples
of semigroups with anti-automorphisms but no involution (they showed the minimal size
of such a semigroup is 7, and that there are four such semigroups of minimal size, all
of which are 3-nilpotent). Ciobanu et al. [11] made crucial use of a free monoid with
involution in their work on word equations in free groups. Bacovsky [7] investigated a
class of monoids with involution that have applications in processor networks and fuzzy
numbers. Gustafson et al. [40] showed that any square matrix of determinant +1 over
any field is the product of (at most) four involutions; a square matrix is the product
of two involutions if and only if it is invertible and similar to its own inverse [18,94].
A linear bound for products of involutory integer matrices was given in [51]. Everitt and
Fountain studied partial mirror symmetries by investigating certain factorizable inverse
monoids generated by “partial reflections” of a space [30,31]; see also [27]. Lusztig and
Vogan investigated certain actions on Hecke algebras via involutions on Coxeter groups
that permute the simple reflections [64,65]. Finally, we must mention the vast body of
work of authors such as Dolinka, Imaoka, Jones, Petrich, Reilly, Scheiblich and Yamada
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