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Lusztig proposed 15 conjectures for any weighted Coxeter 
groups. In this study, we explicitly describe Kazhdan–Lusztig 
cells, distinguished involutions and the function a for any 
weighted universal Coxeter group. We also verify these 
conjectures for this group.
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0. Introduction

Let W be a Coxeter group and S is its Coxeter generator set. Let H(W ) be the 
associated Iwahori–Hecke algebra of W (see [6]). In order to construct representations 
of W and H(W ), Kazhdan and Lusztig introduced certain equivalence classes, called 
left cells, right cells and two-sided cells, of W in [6]. Later, in [9], Lusztig defined a 
weight function L on (W, S), a weighted Coxeter group (W, S, L) and the associated 
Iwahori–Hecke algebra H(W, S, L) (see 1.1), as well as defining the cells of (W, S, L), 
and he proposed 15 conjectures for extending some results on cells to the weighted case. 

✩ Supported by the NSF of China (11131001 and 11471115), Shanghai Key Laboratory of PMMP, and 
STCSM (13dz2260400).
* Corresponding author.

E-mail address: jyshi11@yahoo.com (J.-y. Shi).

http://dx.doi.org/10.1016/j.jalgebra.2015.05.021
0021-8693/© 2015 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jalgebra.2015.05.021
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
mailto:jyshi11@yahoo.com
http://dx.doi.org/10.1016/j.jalgebra.2015.05.021
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2015.05.021&domain=pdf


J.-y. Shi, G. Yang / Journal of Algebra 441 (2015) 678–694 679

It is useful to describe all of the cells explicitly for any given weighted Coxeter group 
(W, S, L) as L ranges over all the possible weight functions on W , particularly for those 
that are not constant on S. This was achieved when W is of types Im (m is either even 
or ∞), F4, C̃2 and G̃2 (see [9,3,4]) and partially when W is of types Bn, C̃n and B̃n for 
n > 2 (see [8,1,5,12,13,10]). When (W, S) is either a finite or affine Weyl group, the 15 
conjectures of Lusztig were verified if L is either the length function or (W, S, L) is in the 
quasi-split case (in the sense of Lusztig, see [9, Chapters 15–16]). In the present study, we 
consider the case where (W, S, L) is any weighted universal Coxeter group. First, we study 
the properties of some structural coefficients of the associated Iwahori–Hecke algebra, 
before describing left cells, two-sided cells, the function a and distinguished involutions 
explicitly for (W, S, L) (Theorems 4.3, 4.4 and 3.7, and Lemma 5.3 (2)). We conclude 
that any left (respectively, two-sided) cell of (W, S, L) is left-connected (respectively, 
two-sided connected) (Remark 4.5 (2)). We then verify the 15 conjectures of Lusztig for 
(W, S, L) (Theorem 5.2).

The remainder of this paper is organized as follows. We provide some concepts, nota-
tions and known results in Section 1. In the following sections, we consider the weighted 
universal Coxeter group (W, S, L). In Sections 2–3, we study the structural coefficients 
fx,y,z, μs

y,w and γx,y,z of H(W, S, L) and the function a on W . In Section 4, we describe 
all the cells for (W, S, L). Finally, we verify the 15 conjectures of Lusztig for (W, S, L) in 
Sections 5–6.

1. Preliminaries

In the present section, we provide some concepts, notations and known results for 
later use. Most of them follow from those given by Lusztig in [9].

1.1. Let Z (respectively, N, and P) denote the set of integers (respectively, non-negative 
integers, and positive integers). For any i � j in Z, denote [i, j] as the set {i, i +1, . . . , j}
and denote [1, j] simply by [j].

Let W be a Coxeter group and S is its Coxeter generator set. Let � be the length 
function and � is the Bruhat–Chevalley order on (W, S). Denote L : W → Z as a weight 
function on W if L(xy) = L(x) +L(y) for any x, y ∈ W with �(xy) = �(x) + �(y). Hence 
L(s) = L(t) for any s, t ∈ S conjugate in W . Denote (W, S, L) as a weighted Coxeter 
group.

Let A = Z[v, v−1] be the ring of Laurent polynomials in an indeterminate v with 
integer coefficients. Denote vw := vL(w) for w ∈ W . By definition, the Iwahori–Hecke 
algebra H := H(W, S, L) of (W, S, L) is the associative A-algebra with an A-basis {Tw |
w ∈ W}, subject to the multiplication rule:

T 2
s = (vs − v−1

s )Ts + Te for s ∈ S,

TxTy = Txy for x, y ∈ W with �(xy) = �(x) + �(y), (1.1.1)
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