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We study binomial D-modules, which generalize A-hypergeo-
metric systems. We determine explicitly their singular loci and 
provide three characterizations of their holonomicity. The first 
of these is an equivalence of holonomicity and L-holonomicity 
for these systems. The second refines the first by giving more 
detailed information about the L-characteristic variety of a 
non-holonomic binomial D-module. The final characterization 
states that a binomial D-module is holonomic if and only if 
its corresponding singular locus is proper.
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1. Introduction

Binomial ideals in a polynomial ring over a field enjoy many special properties that 
set them apart from more general ideals. For example, work of Eisenbud and Sturm-
fels [8] shows that toric ideals can be viewed as basic building blocks of binomial ideals. 
Extending this point of view to D-modules, binomial D-modules (Definition 2.3) were 
introduced in [7] as a generalized framework to study systems of hypergeometric differen-
tial equations; here, the pendant to the toric ideals are the A-hypergeometric differential 
equations of Gelfand, Graev, Kapranov and Zelevinsky [9,10,12,13].

As in the polynomial case, binomial D-modules have some unusual properties. For 
instance, a binomial D-module is holonomic if and only if it has a finite dimensional 
solution space; while the forward implication in the previous statement is true in general, 
the converse certainly is not.

The goal of this article is to provide more results in this vein, further showing how 
special binomial D-modules are within the class of all D-modules. For this purpose, we 
study the characteristic variety and singular locus of a binomial D-module, and use our 
conclusions to obtain new characterizations of holonomicity for these objects.

Our main result is that a binomial D-module on Cn is holonomic if and only if its 
restriction to (C∗)n is holonomic (Theorem 3.1), if and only if its singular locus is a 
proper subvariety of Cn (Theorem 4.2). As before, the forward implications are always 
true, but the converses fail in general, even in the simplest instances (Examples 3.3
and 4.3).

A strong motivation for the statements in this paper comes from our companion 
article [2]. In that work, the results here are used to obtain conclusions about classical 
systems of hypergeometric differential equations; see Remark 3.2 for more details.

1.1. Outline

In Section 2, we introduce concepts and notation about D-modules that will be used 
throughout. In Section 3, we prove Theorem 3.1 using ideas from [20]. In Section 4, 
we prove Theorem 4.2 by referring to a result from [2] and we give a combinatorial 
description of the singular locus of a binomial D-module along the lines of previous work 
by Gelfand, Kapranov and Zelevinsky, and Adolphson.

2. Preliminaries

2.1. Set-up

We let d ≤ n stand for two elements of the set of natural numbers N = 0, 1, 2, . . . .

Convention 2.1. Throughout this article, A = [ a1 a2 · · · an ] is an integer d × n matrix 
such that Z · A = Zd as lattices, and that there exists h ∈ Qd such that h · ai > 0 for 
i = 1, . . . , n.
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