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The irreducible euclidean Coxeter groups that naturally act 
geometrically on euclidean space are classified by the well-
known extended Dynkin diagrams and these diagrams also 
encode the modified presentations that define the irreducible 
euclidean Artin groups. These Artin groups have remained 
mysterious with some exceptions until very recently. Craig 
Squier clarified the structure of the three examples with 
three generators more than twenty years ago and François 
Digne more recently proved that two of the infinite families 
can be understood by constructing a dual presentation for 
each of these groups and showing that it forms an infinite-
type Garside structure. In this article I establish that none 
of the remaining dual presentations for irreducible euclidean 
Artin groups correspond to Garside structures because their 
factorization posets fail to be lattices. These are the first 
known examples of Artin groups where all of their dual 
presentations fail to form Garside structures. Nevertheless, 
the results presented here about the cause of this failure form 
the foundation for a subsequent article in which the structure 
of euclidean Artin groups is finally clarified.
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There is an irreducible Artin group of euclidean type for each of the extended Dynkin 
diagrams. In particular, there are four infinite families, Ãn, B̃n, C̃n and D̃n, known as 
the classical types plus five remaining exceptional examples Ẽ8, Ẽ7, Ẽ6, F̃4, and G̃2. 
Most of these groups have been poorly understood until very recently. Among the few 
known results are a clarification of the structure of the Artin groups of types Ã2, C̃2 and 
G̃2 by Craig Squier in [26] and two papers by François Digne [13,14] proving that the 
Artin groups of type Ãn and C̃n have dual presentations that are Garside structures. 
Our main result is that Squier’s and Digne’s examples are the only ones that have dual 
presentations that are Garside structures.

Theorem A (Dual presentations and Garside structures). The unique dual presentation 
of Art(X̃n) is a Garside structure when X is C or G and it is not a Garside structure 
when X is B, D, E or F . When X = A there are distinct dual presentations of the 
group and Digne found that only one of them is a Garside structure.

The proof is made possible by a simple combinatorial model developed in collaboration 
with Noel Brady that encodes all minimal length factorizations of a euclidean isometry 
into reflections [5]. Although the results here are essentially negative, they establish the 
foundations for positive results presented in [24]. In this subsequent article a new class of 
Garside groups are constructed from crystallographic groups closely related to euclidean 
Coxeter groups and these new groups contain euclidean Artin groups as subgroups, 
thereby clarifying their algebraic structure. For a survey of all three articles see [22].

The article is structured as follows. The first sections give basic definitions, define dual 
Artin groups and dual presentations, and review the results of [5] on factoring euclidean 
isometries into reflections. The middle sections apply these results to understand how 
Coxeter elements of irreducible euclidean Coxeter groups can be factored into reflections 
present in the group, thereby constructing dual presentations. The final sections record 
explicit results on a type-by-type basis, from which the main theorem immediately fol-
lows.

I would like to thank the anonymous referees for their close and detailed reading of 
the article. And, as a final note, I would like to highlight the fact that the rough outline 
of the main theorem was established in collaboration with John Crisp several years ago 
while I was visiting him in Dijon. John has since left mathematics but his central role in 
the genesis of this work needs to be acknowledged.

1. Basic definitions

This short section provides some basic definitions that are included for completeness. 
The terminology roughly follows [16,17] and [28].

Definition 1.1 (Coxeter groups). A Coxeter group is any group W that can be defined by 
a presentation of the following form. It has a standard finite generating set S and only 
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