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1. Introduction

Two right R-modules M and N are said to belong to the same monogeny class (written
[M],, = [N]sm) if there exist a monomorphism M — N and a monomorphism N — M.
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Dually, M and N are said to belong to the same epigeny class ([M]. = [N],) if there exist
an epimorphism M — N and an epimorphism N — M. Recall that a module is uniserial
if its lattice of submodules is linearly ordered under inclusion. In [7, Theorem 1.9], it
was proved that if Uy,...,Uy,, Vi,...,V; are non-zero uniserial right R-modules, then
U690, =2Vid---&V; if and only if n = t and there are two permutations o, T
of {1,2,...,n} such that [U]m = [Vo@i)|m and [Ui]e = [V;(5)]e for every i = 1,2,... n.
This result, which made possible the solution of a problem [23, p. 189] posed by Warfield
in 1975, was then generalized in various directions. On the one hand, it was extended
to the case of arbitrary, non-necessarily finite, families {U; | ¢ € I}, {V; | j € J}
of uniserial modules [20, Theorem 2.6] (see Theorem 3.2 below). On the other hand,
it was shown that similar theorems hold not only for uniserial modules, but also for
cyclically presented modules over a local ring R, for kernels of morphisms between inde-
composable injective modules, for couniformly presented modules, and more generally,
for several classes of modules with at most two maximal right ideals (see [11, Section 5]
and [15]).

In this paper, we prove that a similar result holds not only for direct sums, but
also for direct products of arbitrary families {U; | i € I}, {V; | j € J} of uniserial
modules. We show (Theorem 3.1) that if there exist two bijections o, 7: I — J such that
[Uilm = [Vo(i)lm and [Uile = [Vr()le for every i € I, then [[;.; Ui = [[;c;V;. In fact,
the theorem we prove is much more general, and involves completely prime ideals in
categories of modules whose endomorphism rings have at most two maximal right ideals
(Theorem 2.3). This allows us to apply our theorem not only to uniserial modules, but
also to several other classes of modules, like the class of cyclically presented modules
over a local ring and the class of kernels of morphisms between indecomposable injective
modules (Section 3).

We then show with some examples that in general it is not possible to reverse our
result (find the converse of it). It is possible to reverse it only in the particular case of
slender modules (Theorems 5.3 and 5.5). For this class of modules, it is possible to argue
as in the recent paper [16].

The rings we deal with are associative rings with identity 1 # 0, and modules are
unitary modules.

2. The main result

In order to present our result in the most general setting, that of modules whose
endomorphism rings have at most two maximal right ideals, we adopt the point of view
of [15, Section 6]. Thus, let R be an associative ring with identity and Mod-R the category
of all right R-modules. Let C be a full subcategory of Mod-R whose class of objects Ob(C)
consists of indecomposable right R-modules. Recall that a completely prime ideal P of C
consists of a subgroup P (A, B) of the additive abelian group Hompg(A, B) for every pair
of objects A, B € Ob(C) such that:
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