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We study presentations, defined by Sidki, resulting in groups
y(m,n) that are conjectured to be finite orthogonal groups
of dimension m + 1 in characteristic two. This conjecture, if
true, shows an interesting pattern, possibly connected with
Bott periodicity. It would also give new presentations for a
large family of finite orthogonal groups in characteristic two,
with no generator having the same order as the cyclic group
of the field.
We generalise the presentation to an infinite version y(m)
and explicitly relate this to previous work done by Sidki.
The original groups y(m,n) can be found as quotients over
congruence subgroups of y(m). We give two representations of
our group y(m). One into an orthogonal group of dimension
m + 1 and the other, using Clifford algebras, into the
corresponding pin group, both defined over a ring in charac-
teristic two. Hence, this gives two different actions of the
group. Sidki’s homomorphism into SLym-2(R) is recovered
and extended as an action on a submodule of the Clifford
algebra.
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Table 1
Some small cases.
Y (3,5) = SLo(16) 2 Q7 (4,4) Y (3,7) = Q1 (4,8)
Y (4,5) & 9(5 4) Y (4,7) = Q(5,8)
Y (5,5) = Q7 (6,4) Y (5,7) = Qt(6,8)
Y (6,5) = 46 Q7 (6,4) Y (6,7) =85 :Qt(6,8)
Y(7,5) = Q7 (8,4)
Y (8,5) = Q(9,4) Y (3,11) & Q7 (4, 32)
Y(9,5) = Q7 (10,4) Y (4,11) = Q(5, 32)
Y (10,5) = 410 1 Q7(10,4) Y (5,11) = Q™ (6,32)

1. Introduction

The following is a well-known presentation of the alternating group A,, 2 which was
given by Carmichael in 1923:

Apio = (a1, ...,am | ad =1, (aiaj)2 =1, for all ¢ # j).
In 1982, Sidki generalised this to the following:
Y(m,n) :={ay,...,amn | a =1, (aka 2 =1, foralli # 5,1 <k<n-—1)

and he conjectured that these too are all finite groups.

It is clear that Y (m, 3) is just Carmichael’s presentation for the alternating group. In
[2,3], Sidki identifies the groups Y (2,n), Y (3,n) (when n is odd), Y (m,2) and Y (m,4)
and hence shows that they are finite. In general, however, the question of finiteness
remains open.

As well as identifying the groups when either m, or n is small, Sidki gives some general
results. He shows that Y (m,n) is perfect provided m > 2 and n is odd, and that if n|n/,
then Y (m, n) is a quotient group of Y (m,n') [2, Theorem A]. The second of these results
allows a reduction to the cases where n is a prime power. When n = 27, it is conjectured
that Y (m,2") is a 2-group. If n is odd, however, Sidki shows that Y (m,n) is isomorphic
to the following group:

y(m,n) = (a, Sm | a”zl,[sl,s‘fk} =1,1<k<n-1

n—1 . — .
sptot+e™ " —Jand a® =a71,2<i<m—1),

where S,,, denotes the symmetric group and s; = (4,7 + 1).

In addition to the results above, a few small cases were resolved by J. Neubuser,
W. Felsch and E. O’Brian by direct calculations using the Todd-Coxeter algorithm (see
Table 1). These calculations suggest that, for odd n, y(m,n) are orthogonal groups in
characteristic two of dimension m + 1 for some suitable quadratic form. Note that when
there is a normal subgroup, namely when m = 2 mod 4, this agrees with our assessment
and just indicates that the form has a non-trivial radical.
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