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Let σ = {σi|i ∈ I} be some partition of the set P of all 
primes, that is, P = ∪i∈Iσi and σi ∩ σj = ∅ for all i �= j. 
Let G be a finite group. We say that G is: σ-primary if G
is a σi-group for some i ∈ I; σ-soluble if every chief factor 
of G is σ-primary. We say that a set H = {H1, . . . , Ht} of 
Hall subgroups of G, where Hi is σ-primary (i = 1, . . . , t), 
is a complete Hall set of type σ of G if (|Hi|, |Hj |) = 1 for 
all i �= j and π(G) = π(H1) ∪ · · · ∪ π(Ht). We say that a 
subgroup A of G is: σ-subnormal in G if there is a subgroup 
chain A = A0 ≤ A1 ≤ · · · ≤ An = G such that either Ai−1 is 
normal in Ai or Ai/(Ai−1)Ai

is σ-primary for all i = 1, . . . , t; 
σ-permutable in G if G has a complete Hall set H of type σ
such that A is HG-permutable in G, that is, AHx = HxA
for all x ∈ G and all H ∈ H. We study the relationship 
between the σ-subnormal and σ-permutable subgroups of G. 
In particular, we prove that every σ-permutable subgroup 
of G is σ-subnormal, and we classify finite σ-soluble groups in 
which every σ-subnormal subgroup is σ-permutable.
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1. Introduction

Throughout this paper, all groups are finite and G always denotes a finite group. If n
is an integer, then the symbol π(n) denotes the set of all primes dividing |n|; as usual, 
π(G) = π(|G|), the set of all primes dividing the order of G.

In what follows, σ = {σi|i ∈ I} is some partition of P, that is, P = ∪i∈Iσi and 
σi ∩ σj = ∅ for all i �= j.

We put σ(n) = {σi ∩ π(n) | i ∈ I, σi ∩ π(n) �= ∅}, σ(G) = σ(|G|) and we say that G
is σ-primary if either G = 1 or |σ(G)| = 1.

A set S of Sylow subgroups of G is called a complete set of Sylow subgroups of G if S
contains exact one Sylow p-subgroup of G for every prime p dividing |G|. By analogy with 
it, we say that a set H = {H1, . . . , Ht} of Hall subgroups of G, where Hi is σ-primary 
(i = 1, . . . , t), is a complete Hall set of G of type σ if (|Hi|, |Hj |) = 1 for all i �= j and 
π(G) = π(H1) ∪ · · · ∪ π(Ht). Following [1], the group G is a σ-group if it possesses a 
complete Hall set of type σ.

Let L be some non-empty set of subgroups of G. Then a subgroup A of G is called 
L-permutable if AH = HA for all H ∈ L; LG-permutable if AH x = HxA for all H ∈ L
and all x ∈ G. If A is LG-permutable, where L is a complete set of Sylow subgroups 
of G, then A is called S-quasinormal or S-permutable in G. By analogy with it, we say 
that a subgroup A of G is σ-permutable in G if G has a complete Hall set H of type σ
such that A is HG-permutable.

The S-permutable subgroups possess a series of interesting properties and they are 
closely related to subnormal subgroups. For instance, if H is an S-permutable subgroup 
of G, then H is subnormal in G (Kegel [2]) and the quotient H/HG is nilpotent (De-
skins [3]) and so, in fact, HG/HG is nilpotent. Moreover, H/HG is nilpotent also in 
the case when H is subnormal and permutes with all members of some complete set of 
Sylow subgroups of G [4]. The S-permutable subgroups of G form a sublattice of the 
lattice of all subnormal subgroups of G (Kegel [2]). The description of PST -groups, that 
are groups, in which every subnormal subgroup is S-permutable, was first obtained by 
Agrawal [5], for the soluble case, and by Robinson in [6], for the general case. In the 
further publications, authors (see, for example, the recent papers [7–16]) have found out 
and described many other interesting characterizations of soluble PST -groups.

In fact, the following concept is a modification of the main concept in [17].

Definition 1.1. We say that a subgroup A of G is σ-subnormal in G if there is a subgroup 
chain A = A0 ≤ A1 ≤ · · · ≤ An = G such that either Ai−1 is normal in Ai or Ai/(Ai−1)Ai

is σ-primary for all i = 1, . . . , n.

Before continuing, let’s consider the following elementary example.

Example 1.2. Let p, q, r, t be different primes, where q and r divide p − 1. Let A be a 
non-abelian group of order pr, T a group of order t and P � Q a non-abelian group of 
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