Journal of Algebra 425 (2015) 450-523

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Algebra

www.elsevier.com/locate/jalgebra

Orthogonal multiple flag varieties of finite type I: @ Cosetark
Odd degree case ™

Toshihiko Matsuki

Faculty of Letters, Ryukoku University, Kyoto 612-8577, Japan

ARTICLE INFO ABSTRACT
Article history: Let G be the split orthogonal group of degree 2n 4 1 over
Received 3 March 2014 an arbitrary infinite field F of charF # 2. In this paper, we

Available online 29 December 2014
Communicated by Shrawan Kumar

classify multiple flag varieties G/P; X - - - X G/ Py, of finite type.
Here a multiple flag variety is said to be of finite type if it has

) a finite number of G-orbits with respect to the diagonal action
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1. Introduction

In [4], Magyar, Weyman and Zelevinsky classified multiple flag varieties for GL,, (F)
of finite type. In their subsequent paper [5], they classified multiple flag varieties for
Spay, (F) of finite type. (They assume F is algebraically closed.)

Recently the author gave explicit orbit decomposition for an example of orthogonal
case in [6]. In this paper, we will classify multiple flag varieties of finite type for the split
orthogonal group of degree 2n + 1.

Let F be an arbitrary commutative infinite field of charF # 2. Let ( , ) denote the
symmetric bilinear form on F?"*! defined by

(eiv ej) = 5i,2n+27j
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for i,5 = 1,...,2n + 1 where eq,...,ez,41 is the canonical basis of F?"*!, Define the
split orthogonal group

G = {g € GLan41(F) | (gu, gv) = (u,v) for all u,v € F>"'}
with respect to this form. Let us write G = Oag,,41(F) in this paper.

A subspace V of F2"*1 is called isotropic if (V,V) = {0}. For a sequence a =
(u1,...,qp) of positive integers such that oy + --- 4+ a, < n, there corresponds the
flag variety

M, = {Vl c---CVp ’ dmVi=oa1+---4+a; fori=1,...,p, (Vp,Vp) :{0}}.
For the canonical flag

Fo:Fer® - @Feq, C--- CFey @ B Fegy it

in Mj,, the isotropic subgroup for Fj in G is a standard parabolic subgroup P, consisting
of elements in G of the form

A1 *
Ap
Ao
4
0 At
with A; € GLy, (F) fori =1,...,pand Ay € Ogqy+1(F) (g =n— (a1 +---+a,)) where
Af = Jo,' A7, fori=1,...,pand J,, is the m x m matrix given by
0 1
I = o
1 0

Since M, is G-homogeneous, we can identify M, with G/P,.
Remark 1.1. Define the split special orthogonal group
G() = {g cdG | detg = 1} (: SOQn+1(F))

Then G = GoU (—I2,+1)Go. Since —I5, 41 acts trivially on M,, Gg-orbits on M, are the
same as G-orbits.
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