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We develop practical techniques to compute with arithmetic 
groups H ≤ SL(n, Q) for n > 2. Our approach relies on 
constructing a principal congruence subgroup in H. Problems 
solved include testing membership in H, analyzing the 
subnormal structure of H, and the orbit-stabilizer problem 
for H. Effective computation with subgroups of GL(n, Zm)
is vital to this work. All algorithms have been implemented 
in GAP.
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Dedicated to the memory of Ákos Seress

In [8–10] we established methods for computing with finitely generated linear groups 
over an infinite field, based on the use of congruence homomorphisms. These have been 
applied to test virtual solvability and answer questions about solvable-by-finite (SF) 
linear groups.

Computing with finitely generated linear groups that are not SF is a largely unex-
plored topic. Significant challenges exist: these groups comprise a wide class in which 
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certain algorithmic problems are undecidable [6, Section 3]. We may be more confident 
of progress if we restrict ourselves to arithmetic subgroups of linear algebraic groups. 
Decision problems for such groups were investigated by Grunewald and Segal [14]; see 
also [7]. We note renewed activity focussed on deciding arithmeticity [28].

This paper is a starting point for computation with semisimple arithmetic groups that 
have the congruence subgroup property (CSP). A prominent example is Γn = SL(n, Z)
for n ≥ 3. Recall that H ≤ SL(n, Q) is arithmetic if Γn∩H has finite index in both H and 
Γn (in particular, finite index subgroups of Γn are arithmetic). Each arithmetic group 
H ≤ SL(n, Q) contains a principal congruence subgroup Γn,m for some m, namely the 
kernel of the congruence homomorphism Γn → SL(n, Zm) induced by natural surjection 
Z → Zm := Z/mZ [3,23]. So if we know that Γn,m ≤ H then we can transfer much 
of the computing to SL(n, Zm), for which efficient machinery is available [17]. We give 
a method to construct Γn,m in H. This implies decidability of membership testing and 
other fundamental problems.

We pay special attention to subnormality and the orbit-stabilizer problem. Aside 
from their computational importance, these were the earliest questions considered for 
arithmetic groups. The study of subnormal subgroups of Γn originated in the late 19th 
century and led up to formulation of the Congruence Subgroup Problem. In turn, the 
solution of that problem used knowledge of Γn-orbits in Qn [18, §17].

The paper is organized as follows. Section 1 provides background on arithmetic groups: 
basic facts; material about principal congruence subgroups (their generating sets, con-
struction, and maximality); and subnormal structure. Section 2 details relevant theory 
of matrix groups over Zm and computing in GL(n, Zm). Then in Section 3 we give a 
suite of algorithms for arithmetic groups in Γn. After verifying decidability, we describe 
computing a maximal principal congruence subgroup; membership testing; and aspects 
of subnormality, e.g., testing whether an arithmetic group H ≤ Γn is subnormal or nor-
mal, and constructing the normal closure of a subgroup of Γn. In Section 4 we solve the 
orbit-stabilizer problem for arithmetic groups in Γn acting on Qn. Our solution draws on 
a comprehensive description of Zn-orbits and stabilizers for a principal congruence sub-
group. Section 5 shows how to extend results from Γn to SL(n, Q). Finally, we examine 
the performance of our GAP [13] implementation of the algorithms.

We remark that the scope of this paper may be widened to other groups with the 
CSP, such as Sp(2m, OP) or SL(n, OP) for m ≥ 2 and n > 2, where OP is the ring of 
integers of a number field P that is not totally imaginary [3].

1. Arithmetic subgroups of SL(n, QQQ): background

1.1. Preliminaries

Let R be a commutative ring with 1, and I ⊆ R be an ideal. The natural surjection 
R → R/I induces a congruence homomorphism ϕI : Mat(n, R) → Mat(n, R/I). Let 
Gn = GL(n, R) and Γn = SL(n, R). The kernel of ϕI on Γn or Gn is a principal con-
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