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Spectral gap

Let g, h be a random pair of generators of G = Sym(n)
or G = Alt(n). We show that, with probability tending
to 1 as n — oo, (a) the diameter of G with respect to
S = {g,h,g7 ', h71} is at most O(n2(logn)°), and (b) the
mixing time of G with respect to S is at most O(n®(logn)°).
(Both ¢ and the implied constants are absolute.)
These bounds are far lower than the strongest worst-case
bounds known (in Helfgott—Seress, 2013); they roughly match
the worst known examples. We also give an improved, though
still non-constant, bound on the spectral gap.
Our results rest on a combination of the algorithm in (Babai—
Beals—Seress, 2004) and the fact that the action of a pair of
random permutations is almost certain to act as an expander
on ¢-tuples, where £ is an arbitrary constant (Friedman et al.,
1998).
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1. Introduction
1.1. Results

Let G be a finite group. Let S be a set of generators of G; assume S = S~!. The
(undirected) Cayley graph I'(G,S) is the graph having the elements of G as its vertices
and the pairs {g,gs} (g € G, s € 5) as its edges. The diameter of G with respect to S
is the diameter diam(I'(G, S)) of the Cayley graph I'(G, S):

diam (I'(G, S)) = glr’r;ggc P?;I;th length(P),
from g; to g2

where the length of a path is the number of edges it traverses. In other words,
diam(I'(G, S)) is the maximum, for g € G, of the length ¢ of the shortest expression
g = 8189 8¢ with s; € S.

Theorem 1.1. Let S = {g,h,g~',h=1}, where g, h are elements of Sym(n) taken at
random, uniformly and independently. Let G = (S). Then, with probability 1 — o(1), the
diameter diam(I'(G, S)) of G with respect to S is at most O(n*(logn)¢), where ¢ and
the implied constants are absolute.

In the study of permutation groups, bounds are wanted not just for the diameter
but also for two closely related quantities that give a finer description of the quality of
a generating set S. The spectral gap is the difference Ay — A\; between the two largest
eigenvalues A\, A; (where A\g = 1 and A\¢p > A1) of the normalized adjacency matrix o/
on I'(G, S), seen as an operator on functions f : G — C:

flg) := |S\ngh (1.1)

The other quantity is the mizing time. A lazy random walk on I'(G,S) consists of
taking x1,xs,... € G at random and independently with distribution

1 1
RORE (1.2)
2757

where 14(x) = 1 if x € A and 14(z) = 0 if x ¢ A; the outcome of the lazy random
walk of length k is z1xg - - - 2. The (€, d)-mizing time tmix.c 4 is the least k such that the
distribution p*) = g% p % --- % p of the outcome of a lazy random walk of length k is
very close to the uniform distribution 14/|G| on G:

d( p® —1 <
(0 fgie) <
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