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Let G be a finite simple group of Lie type in characteristic 2, 
and t ∈ G an involution. We provide a lower bound for the 
proportion of elements g ∈ G such that ttg has odd order. 
This has applications to the theory of recognition algorithms 
for such groups.
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1. Introduction

Many algorithms involving finite simple groups depend on the ability to construct 
involution centralizers. The standard method for doing this was given by Bray [2]: let G
be a simple group and t ∈ G an involution. For a conjugate tg of t, let n be the order 
of ttg = [t, g]. If n is odd, then g[t, g](n−1)/2 centralizes t; moreover, if g is uniformly 
distributed among elements of G for which [t, g] has odd order, then the corresponding 
element g[t, g](n−1)/2 is uniformly distributed among elements of CG(t). Since few random 
elements are required to generate CG(t), this leads to a construction of this centralizer, 
provided there is a good proportion of elements g for which [t, g] has odd order. Lower 
bounds for such proportions were obtained for groups of Lie type in odd characteristic in 
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[9, Theorems 1, 2], and for long root elements in characteristic 2 in [7, 3.9]. In this note 
we obtain lower bounds for all involutions in finite groups of Lie type in characteristic 2.

Our first result deals with the case of classical groups. It is useful for the recognition 
algorithm developed in [5].

Theorem 1. Let G be a finite classical simple group with natural module of dimension d
over a field of characteristic 2, let t ∈ G be an involution, and let r = rank(t + 1). Then 
the proportion of g ∈ G such that [t, g] has odd order is at least c/r, where c is a positive 
absolute constant; in particular it is at least 2c/d.

The proof shows that c = 1
64 suffices, and more care would improve this value. How-

ever, computational evidence indicates that a stronger result may be true with 2c/d
replaced by a positive absolute constant independent of d.

For the exceptional groups of Lie type, we prove:

Theorem 2. There is a positive absolute constant b such that if G is a finite simple 
exceptional group of Lie type over a field of characteristic 2, and t ∈ G is an involution, 
then the proportion of g ∈ G such that [t, g] has odd order is at least b.

The proof shows that b = 1
100 suffices (see Remark at the end of the paper). Again, 

this is undoubtedly far from best possible.

2. Proof of Theorem 1

The proof of Theorem 1 is based on a simple idea – embedding any given involution 
of G in a suitable dihedral subgroup. For simplicity we break the proof up into four 
lemmas, each dealing with one family of classical groups.

Lemma 2.1. Theorem 1 holds when G = PSLd(q) (q even).

Proof. Let G = PSLd(q) with q even. Since two involutions in G are conjugate in G if 
and only if they are conjugate in PGLd(q), it suffices to prove the result with G replaced 
by GLd(q), which is a little more convenient notation-wise.

Let t ∈ G = GLd(q) be an involution, and take t to have Jordan canonical form 
diag(Jr

2 , J
d−2r
1 ), where Ji denotes an i × i unipotent Jordan block matrix. Let U (respec-

tively, W ) be the subspace spanned by bases for the J2-blocks (respectively, J1-blocks), 
so that GL(U) ×GL(W ) = GL2r(q) ×GLd−2r(q) ≤ G. There is a subgroup S ∼= SL2(qr)
of the first factor (embedded as in [6, §4.3]) such that t ∈ S. Let D be a dihedral sub-
group of S of order 2(qr + 1) containing t, and let x ∈ D be an element of order qr + 1. 
The eigenvalues of x on U ⊗ F̄q (where F̄q is the algebraic closure of Fq) are all distinct, 
so CGL2r(q)(x) is a maximal torus of GL2r(q) and hence is equal to GL1(q2r). It follows 
that

NG

(
〈x〉

)
= NGL2r(q)

(
〈x〉

)
× GLd−2r(q) =

(
GL1

(
q2r).2r

)
× GLd−2r(q).
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