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1. Introduction

In [19,26] we developed constructive recognition algorithms for the classical groups
in their natural representation. These are well-analysed and efficient, both theoretically
and in practice; our implementations are distributed with the computer algebra system
Macma [9]. A core idea is to construct centralisers of involutions, and use these to
construct, as subgroups of the input group, classical groups of smaller rank, so facilitating
recursion. We now develop these ideas to obtain such algorithms for classical groups given
as black-box groups.

Let G < GLg(q) be a classical group in its natural representation, and let G = (X) be
isomorphic to a central quotient of G, where X is a given generating set. A constructive
recognition algorithm for G constructs a surjective homomorphism from G to G, and
for any given g € G constructs an element of its inverse image in G. We realise such an
algorithm in two stages. For each classical group G, we define a specific ordered set of
standard generators S. The first task is to construct, as words in X, an ordered subset S
of G that is the image of S under a surjective homomorphism from G to G. The second
task is to solve the constructive membership problem for G with respect to S: namely,
express ¢ € G as a word in S, and so as a word in X; we also solve the constructive
membership for G with respect to S. Now the surjective homomorphism ¢: G — G that
maps S to S is constructive: § € G is written as a word w(S) in S, and its image ¢(§) is
w(S8). Similarly, we compute a preimage in G of g € G under ¢. In summary, we provide
an algorithm to solve the first of these tasks; we discuss the second in Section 1.3.

Babai and Szemerédi [6] introduced the concept of a black-box group: group elements
are represented by bit strings of uniform length, where more than one bit string may
represent the same element. Three oracles are provided to supply the group-theoretic
functions of multiplication, inversion, and checking for equality with the identity element.
A black-box algorithm is one that uses only these oracles. A common assumption is that
other oracles are available to perform certain tasks.

For an overview of the Matriz Group Recognition Project, to which this work con-
tributes, see [37]. Much of the background and preliminaries needed for this paper are
summarised in [19,26,37].

1.1. The groups and their standard copies

Throughout, GL4(q) is the group of invertible d x d matrices over the field GF(q).
The groups under discussion are SL4(q), Sps(q), SUa(q), Qj:(q), and 24(q). We assume
that ¢ > 4, and d > 3 for the orthogonal groups. All of the groups are perfect, and with
the exception of 2] (¢), all are quasisimple.

The definition of these groups, except for the first, depends on the choice of a bilinear
or quadratic form. Groups defined by two forms of the same type are conjugate in the
corresponding general linear group; the standard copy of a classical group is its unique
conjugate which preserves a chosen standard form. Our standard forms and copies are
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