Journal of Algebra 424 (2015) 190-207

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Algebra

=

ELSEVIER www.elsevier.com/locate/jalgebra

Blocks with transitive fusion systems ™
CrossMark

@

Laszl6 Héthelyi*, Radha Kessar ", Burkhard Kiilshammer ©,
Benjamin Sambale “*

a Institute of Applied Mathematics, Obuda University, 1034 Budapest,

Bécsi 1t 96/B, Hungary

Y Department of Mathematics, City University London, Northampton Square,
London, EC1V 0HB, United Kingdom

¢ Institut fir Mathematik, Friedrich-Schiller-Universitdt, 07743 Jena, Germany

ARTICLE INFO ABSTRACT

Article history: Suppose that all nontrivial subsections of a p-block B are
Received 22 May 2014 conjugate (where p is a prime). By using the classification
Available online 8 December 2014 of the finite simple groups, we prove that the defect groups
Communicated by Gunter Malle of B are either extraspecial of order p? with p € {3,5} or
MSC: elementary abelian.

primary 20C20 © 2014 Elsevier Inc. All rights reserved.

secondary 20D20

Keywords:
Block

Defect group
Fusion system

* The first author gratefully acknowledges support by the Hungarian National Science Foundation
Research No. 77476. The third author gratefully acknowledges support by the DFG (SPP 1388). The
fourth author gratefully acknowledges support by the Carl Zeiss Foundation and the Daimler and Benz
Foundation. All authors thank the anonymous referee for many valuable corrections and suggestions.
* Corresponding author.
E-mail addresses: hethelyi@math.bme.hu (L. Héthelyi), radha.kessar.1@city.ac.uk (R. Kessar),
kuelshammer@uni-jena.de (B. Kiilshammer), benjamin.sambale@uni-jena.de (B. Sambale).

http://dx.doi.org/10.1016/j.jalgebra.2014.10.042
0021-8693/© 2014 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jalgebra.2014.10.042
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
mailto:hethelyi@math.bme.hu
mailto:radha.kessar.1@city.ac.uk
mailto:kuelshammer@uni-jena.de
mailto:benjamin.sambale@uni-jena.de
http://dx.doi.org/10.1016/j.jalgebra.2014.10.042
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2014.10.042&domain=pdf

L. Héthelyi et al. / Journal of Algebra 424 (2015) 190-207 191

1. Introduction

Let p be a prime, and let F be a saturated fusion system on a finite p-group P (cf. [1]
and [5]). We call F transitive if any two nontrivial elements in P are F-conjugate. In
this case, P has exponent exp(P) < p, and Autxz(P) acts transitively on Z(P)\ {1}. This
paper is motivated by the following:

Conjecture 1.1. (Cf. [19].) Let F be a transitive fusion system on a finite p-group P
where p is a prime. Then P is either extraspecial of order p® or elementary abelian.

Moreover, if P is extraspecial of order p? then results by Ruiz and Viruel [22] imply
that p € {3,5,7}. Note that the conjecture is trivially true for p = 2 since groups of
exponent 2 are abelian. Thus Conjecture 1.1 is only of interest for p > 2. The aim of this
paper is to prove the conjecture above for saturated fusion systems coming from blocks.

Theorem 1.2. Let p be a prime, and let B be a p-block of a finite group G with defect
group P. If the fusion system F = Fp(B) of B on P is transitive then P is either
extraspecial of order p> or elementary abelian.

If P is extraspecial of order p® then the results in [22] and [16] imply that p € {3,5}. We
call a block B with defect group P and transitive fusion system Fp(B) fusion-transitive.
Whenever B has full defect then the theorem is a consequence of the results in [19]. In
our proof of the theorem above, we will make use of the classification of the finite simple
groups.

2. Saturated fusion systems

We begin with some results on arbitrary saturated fusion systems.

Proposition 2.1. Let p be a prime, and let F be a transitive fusion system on a finite
p-group P where |P| > p*. Suppose that P contains an abelian subgroup of index p. Then
P is abelian.

Proof. We assume the contrary. Then p > 2.

Suppose first that P contains two distinct abelian subgroups A, B of index p. Then
AB =P, ANB CZ(P) and |P : AN B| = p?. Since P is nonabelian we conclude that
|P : Z(P)| = p?. Thus 1 # P’ C Z(P). Since Autz(P) acts transitively on Z(P) \ {1},
we conclude that P’ = Z(P). Hence there are z,y € P such that P = (z,y). Then P’ =
([z,y]) (cf. II1.1.11 in [13]); in particular, we have |P’| = p and |P| = p?, a contradiction.

It remains to consider the case where P contains a unique abelian subgroup A of
index p. Let Z be a subgroup of order p in Z(P), and let B be an arbitrary subgroup of
order p in A. By transitivity, there is an isomorphism ¢ : B — Z in F. By definition,
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