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ADE type, and construct Kashiwara type operators and the 
Kashiwara algebra Kq . We show that a certain quotient N−

q

of Uq(ĝ) is a simple Kq-module.
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1. Introduction

Let ĝ be an affine Lie algebra and Δ denote the set of roots with respect to the Cartan 
subalgebra ĥ. Then we have a natural (standard) partition of Δ = Δ+ ∪ Δ− into set of 
positive and negative roots. With respect to this standard partition we have a standard 
Borel subalgebra from which we may induce the standard Verma module. A partition 
Δ = S ∪ −S of the root system Δ is said to be a closed partition if, whenever α, β ∈ S

and α + β ∈ Δ, we have α + β ∈ S. It is well known that for any finite dimensional 
complex simple Lie algebra, all closed partitions of the root system are Weyl group 
conjugate to the standard partition. However, this is not the case for affine Lie algebras. 
The classification of closed subsets of the root system for affine Lie algebras was obtained 
by Jakobsen and Kac [18,19], and independently by Futorny [11,12]. In fact, for affine 
Lie algebras there exists a finite number (≥ 2) of inequivalent Weyl orbits of closed 
partitions. Corresponding to each such non-standard partitions we have non-standard 
Borel subalgebras from which we can induce other non-standard Verma-type modules and 
these typically contain both finite and infinite dimensional weight spaces. The imaginary 
Verma module [13] is a non-standard Verma-type module associated with the simplest 
non-standard partition of the root system Δ which is the focus of our study in this paper.

For generic q, the quantum affine algebra Uq(ĝ) is the q-deformations of the universal 
enveloping algebras of ĝ [8,16]. It is known [25] that integrable highest weight modules of 
ĝ can be deformed to those over Uq(ĝ) in such a way that the dimensions of the weight 
spaces are invariant under the deformation. Following the framework of [25] and [21], 
quantum imaginary Verma modules for Uq(ĝ) were constructed in [6,9] and it was shown 
that these modules are deformations of those over the universal enveloping algebra U(ĝ)
in such a way that the weight multiplicities, both finite and infinite-dimensional, are 
preserved.

Kashiwara [22,23] from algebraic viewpoint and Lusztig [26] from geometric viewpoint
introduced global crystal base (equivalently, canonical base) for standard Verma mod-
ules Vq(λ) and integrable highest weight modules Lq(λ). The crystal base [22,23] can be 
thought of as the q = 0 limit of the global crystal base or canonical base. An important 
ingredient in the construction of crystal base by Kashiwara in [23] is a subalgebra Bq

which acts on the negative part of the quantum group by left multiplication. This subal-
gebra Bq, which we call the Kashiwara algebra, played an important role in the definition 
of the Kashiwara operators which defines the crystal base.

In this paper we construct an analog of Kashiwara algebra Kq for the imaginary Verma 
module Mq(λ) for the quantum affine algebra Uq(ĝ) by introducing certain Kashiwara-
type operators. Then we prove that certain quotient N−

q of Uq(ĝ) is a simple Kq-module. 
This generalizes the corresponding result in [4] for the quantum affine algebra Uq(ŝl(2)). 
However, it is worth pointing out that some of the arguments involving explicit calcula-
tions in [4] do not extend to this general case.

The paper is organized as follows. In Sections 2 and 3 we recall necessary definitions 
and some results that we need. In Section 4 we recall some facts about the imaginary 
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