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1. Introduction

Let S be a polynomial ring over a field K and I a squarefree monomial ideal of S. The
arithmetical rank of I is defined as the minimum number u of elements q,...,q, € I
such that

(Q17"'7Qu) = I7
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where for an ideal J, v/.J denotes the radical ideal of J. When this is the case, we say that
q1,- -, qu generate I up to radical. Lyubeznik [15] proved that the projective dimension
of S/I over S, denoted by pdg S/I gives a lower bound for the arithmetical rank of a
squarefree monomial ideal I. Thus we have the following inequalities:

height I < pdg S/I < aral. (1.1)

An ideal I is said to be a set-theoretic complete intersection if height I = ara I holds.
Note that a set-theoretic complete intersection ideal I is a Cohen—Macaulay ideal, that
is, S/I is Cohen—Macaulay. From (1.1), the following natural question arises:

Question 1.1. Let I be a squarefree monomial ideal of S. When does aral = pdg S/I
hold? In particular, which ideal I is a set-theoretic complete intersection?

Many authors considered this question and found some classes of ideals with the equal-
ity; see, for example, [1,3-6,8-14,16-19]. In particular, in [9], the first author proved that
a Cohen—Macaulay squarefree monomial ideal of height 2 is a set-theoretic complete inter-
section. However there is a counter-example found by Yan [20] among Cohen—Macaulay
squarefree monomial ideals of height 3, though its Cohen—Macaulayness depends on the
characteristic of the base field K. Then how about the Gorenstein squarefree monomial
ideal of height 3?7 We give a positive answer to this question. Precisely the following
theorem is the main result of the paper.

Theorem 1.2. Let I be a Gorenstein squarefree monomial ideal of height 3. Then
aral = 3.
In particular, I is a set-theoretic complete intersection.

To prove Theorem 1.2, we first determine Gorenstein squarefree monomial ideals of
height 3 by using the result by Bruns and Herzog [7]. Then it turns out that we only
need to consider the ideals I, (see Section 2).

Therefore if we construct 3 elements which generate I, up to radical, then we have
ara I, < 3 and conclude that aral. = 3 and I, is a set-theoretic complete intersection.
Thus Theorem 1.2 is proved.

At the end of Section 2, we prove that I, can be written as J, + xoJ/._;, where J,. is
a squarefree monomial ideal (Lemma 2.5). In Section 3, we construct 2 elements which
generate xJ, up to radical (Proposition 3.1). Our construction here is justified by the
result by Schmitt and Vogel [19, Lemma p. 249]; see Lemma 3.2. Finally in Section 4, we
construct 3 elements which generate I, up to radical by using two elements constructed
in Section 3. The key idea of the construction is a linear algebraic consideration which
is explored by Barile [2] and used in several papers, for example, [5,6,9]; see Lemma 4.1.
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