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1. Introduction

Cluster categories of finite dimensional hereditary algebras were introduced in [8]
and [11], the latter treating the A,, case. These categories are defined as certain orbit
categories of the derived categories of modules. A result of Keller (cf. [20]) shows that
they are triangulated, and moreover they are 2-Calabi—Yau. They were introduced as
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a representation theoretic categorification of the combinatorics of the cluster algebras
introduced by Fomin and Zelevinsky in [15].

Cluster tilting objects were introduced in [8,18,21] in order to generalize the classical
tilting theory for hereditary algebras. In a cluster category, such objects always exist,
for example the stalk complex formed by the underlying hereditary algebra. However,
the notion of a cluster tilting object makes sense for any triangulated category, and it is
therefore natural to ask the following:

Question. Which triangulated categories contain cluster tilting objects?

We show in this paper that the existence of a cluster tilting object often implies that
there is a bound on the size of the homomorphism groups between objects in the cate-
gory. In Section 2, we prove that this applies to stable module categories of selfinjective
algebras. As a corollary, we recover Erdmann and Holm’s result [14, Theorem 1.1]: if a
cluster tilting object exists for such an algebra, then the minimal projective resolution of
every module is bounded. In Section 3, we focus on Calabi—Yau categories, in particular
stable categories of maximal Cohen—Macaulay modules over commutative local complete
Gorenstein algebras with isolated singularities. We show that the existence of almost all
kinds of cluster tilting objects can only occur if the algebra is a hypersurface.

2. Cluster tilting and Serre duality

We start by defining cluster tilting objects, or, more precisely, n-cluster tilting ob-
jects.

Definition. Let (T, Y) be a triangulated category and n a positive integer. An object M
in T is n-cluster tilting if

add(M) = {N € T | Homp (M, X'N) =0for 1 <i<n—1}
={N €T |Homy(N,X'M)=0for1<i<n-—1}.

When n = 1, the vanishing conditions in the definition are empty, and they are
trivially satisfied by all the objects in the category. Therefore, a 1-cluster tilting object is
an object M with add(M) = T. If T is a Krull-Schmidt category, which will be the case
in our applications, then such a 1-cluster tilting object exists if and only if the category
contains only finitely many isomorphism classes of indecomposable objects.

Suppose now that k is a field and (T, Y) a triangulated Hom-finite k-category. Thus
Hom~ (M, N) is a finite dimensional k-vector space for all objects M, N, and composition
of morphisms in T is k-bilinear. A Serre functor on T is an equivalence S: T — T of
triangulated k-categories, together with functorial isomorphisms

HomT (M, N) ~ DHomr (N, SM)
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