
Journal of Algebra 417 (2014) 412–432

Contents lists available at ScienceDirect

Journal of Algebra

www.elsevier.com/locate/jalgebra

The group fixed by a family of endomorphisms 

of a surface group

Jianchun Wu a, Qiang Zhang b,∗

a Department of Mathematics, Soochow University, Suzhou 215006, China
b School of Mathematics and Statistics, Xi’an Jiaotong University, Xi’an 710049, 
China

a r t i c l e i n f o a b s t r a c t

Article history:
Received 28 January 2014
Available online 6 August 2014
Communicated by E.I. Khukhro

MSC:
57M07
20F34
55M20

Keywords:
Fixed subgroups
Intersections
Endomorphisms
Surface groups
Inert

For a closed surface S with χ(S) < 0, we show that the 
fixed subgroup of a family B of endomorphisms of π1(S) has 
rank FixB ≤ rank π1(S). In particular, if B contains a non-
epimorphic endomorphism, then rank FixB ≤ 1

2 rank π1(S). 
We also show that geometric subgroups of π1(S) are inert, 
and hence the fixed subgroup of a family of epimorphisms of 
π1(S) is also inert.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

For a finitely generated group G, we denote the rank (i.e., the minimal number of the 
generators) of G by rankG. There are lots of research on the intersection of subgroups 
of a finitely generated group G in the literature. For example, when G is a free group, 
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H. Neumann (see [18] and [19]) conjectured that for any two finitely generated subgroups 
A and B of G,

rank(A ∩B) − 1 ≤ (rankA− 1)(rankB − 1).

This conjecture was proved independently by I. Mineyev [17] and J. Friedman [7].
Before this celebrated result was proved, it had been shown that for some special 

subgroups of free groups, one could say more about their intersection. Denote the set 
of endomorphisms of G by End(G). For a family B of endomorphisms of G, namely, 
B ⊆ End(G), the subgroup fixed by B is

Fix(B) :=
{
g ∈ G

∣∣ φ(g) = g, ∀φ ∈ B
}
.

It is called the fixed subgroup of B. We abbreviate Fix(B) to FixB, and Fix({φ}) to 
Fix φ for any single endomorphism φ : G → G in the context. It is obvious that FixB =⋂

φ∈B Fix φ.
In [2], M. Bestvina and M. Handel proved Scott’s conjecture that for any automor-

phism φ of a finitely generated free group G,

rank Fix φ ≤ rankG.

In the book [6], W. Dicks and E. Ventura generalized the Bestvina–Handel result on 
the fixed subgroup of a single automorphism to a family of injective endomorphisms. 
They proved the following theorem.

Theorem 1.1. (See [6, Corollary IV.5.8].) Let G be a finitely generated free group, and 
B a family of injective endomorphisms of G. Then

rank FixB ≤ rankG.

They also showed that FixB is inert in G (see [6, Theorem IV.5.7]). A subgroup A is 
inert in G if for every subgroup B ≤ G,

rank(A ∩B) ≤ rankB.

In the paper [1], G. Bergman proved that the Dicks–Ventura result (Theorem 1.1) 
also holds for any family of endomorphisms but kept the following question open: Is the 
fixed subgroup of a family of endomorphisms of a finitely generated free group inert?

When G is a surface group, namely, G is isomorphic to the fundamental group of 
some connected closed surface S with Euler characteristic χ(S) < 0, T. Soma estimated 
the rank of the intersection of any two subgroups A and B of G in terms of ranks of A
and B. In [22], he showed the following enhanced version of the result of [21]:
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