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We provide a new characterization of cycle-finite generalized 
double tilted algebras by the existence of a faithful module 
which is the middle of at most finitely many short chains.
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1. Introduction and the main results

Throughout the paper, by an algebra we mean a basic indecomposable artin algebra 
over a commutative artin ring K. For an algebra A, we denote by modA the category of 
finitely generated right A-modules, by indA the full subcategory of modA formed by the 
indecomposable modules, and by D the standard duality HomK(−, J) on modA, where 
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J is a minimal injective cogenerator in modK. The Jacobson radical radA of modA is 
the (two-sided) ideal generated by all noninvertible homomorphisms between modules in 
indA, and the infinite Jacobson radical rad∞

A of modA is the intersection of all powers 
radi

A, i � 1, of radA. By a result due to M. Auslander [5] (see also [19] for an alternative 
proof), rad∞

A = 0 if and only if A is of finite representation type, that is, indA admits 
only a finite number of pairwise nonisomorphic modules. On the other hand, if A is of 
infinite representation type, then (rad∞

A )2 �= 0, by a result proved in [14]. A module M in 
modA is said to be sincere if every simple right A-module occurs as a composition factor 
of M , and faithful if its annihilator annA(M) = {a ∈ A | Ma = 0} vanishes. For a mod-

ule X in modA and its minimal projective presentation P1
f

P0 X 0
in modA, the transpose TrX of X is the cokernel of the map HomA(f, A) in modAop, 
where Aop is the opposite algebra of A. The homological operator τA = DTr on mod-
ules in modA, called the Auslander–Reiten translation, is playing a fundamental role 
in the modern representation theory of algebras. Finally, following [10,16] a tilted al-
gebra is an algebra of the form EndH(T ), where H is a hereditary algebra and T is a 
(multiplicity-free) tilting module in modH, that is, Ext1H(T, T ) = 0 and the number of 
pairwise nonisomorphic indecomposable direct summands of T is equal to the rank of 
the Grothendieck group K0(H) of H.

The tilted algebras have for a long time played a central role in the representation 
theory of algebras and attracted much attention. In particular, the following handy 
criterion for an algebra to be a tilted algebra has been established independently by 
S. Liu [23] and A. Skowroński [37]: an algebra A is a tilted algebra if and only if the 
Auslander–Reiten quiver ΓA of A admits a connected component with a faithful section 
Δ such that HomA(X, τAY ) = 0 for all modules X and Y in Δ. This was extended 
by I. Reiten and A. Skowroński to the double tilted algebras [30] and the generalized 
double tilted algebras [31], by defining double sections and multisections. The module 
category modA of a generalized double tilted algebra A is determined, up to finitely many 
indecomposable modules, by the module categories of (left and right) tilted algebras 
naturally associated with A (see [31, Section 3] for details). We also mention that, for 
a generalized double tilted algebra A, all but finitely many modules X in indA have 
projective dimension or injective dimension at most one, while A may be of an arbitrary 
(finite or infinite) global dimension. Note also that the class of generalized double tilted 
algebras was studied independently by I. Assem, F.U. Coelho, M. Lanzilotta and others 
under the name of strict laura algebras (see [1,11–13], for some results).

It has been proved by A. Jaworska, P. Malicki and A. Skowroński in [18] that an 
algebra A is a tilted algebra if and only if there exists a sincere module M in modA such 
that, for any module X in indA, we have HomA(X, M) = 0 or HomA(M, τAX) = 0. 
Recall that, by [6,32], a sequence X → M → τAX of nonzero homomorphisms in a 
module category modA with X being indecomposable is called a short chain, and M
the middle of this short chain. Therefore, an algebra A is a tilted algebra if and only if 
modA admits a sincere module M which is not the middle of a short chain (affirmative 
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