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2G = Ree where ¢ = 32+ for some m > 0, in their
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natural representations of degree 7. The input is a generating

Kantor set X C GL(7,q).

Keywords: The constructive recognition algorithm is polynomial time
Matrix group recognition given a discrete logarithm oracle. The constructive member-
Exceptional groups ship testing consists of a pre-processing step, that only needs
Constructive recognition to be executed once for a given X, and a main step. The latter

is polynomial time, and the former is polynomial time given
a discrete logarithm oracle.
Implementations of the algorithms are available for the com-
puter algebra system MAGMA.
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1. Introduction

This paper will consider algorithmic problems for a class of finite simple groups, as
matrix groups over finite fields, given by sets of generators. The most important problems
under consideration are the following;:
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(1) The constructive membership problem. Given G = (X) < GL(d, ¢) and g € GL(d, q),
decide whether or not g € G, and if so express g as a straight line program in X.

(2) The constructive recognition problem. Given G = (X) < GL(d, q), construct an
effective isomorphism from G to a standard copy H of G, together with an effective
inverse isomorphism. An isomorphism ¢ : G — H is effective if 1)(g) can be computed
efficiently for every g € G.

In [1] we considered these problems for the Suzuki groups. Here we consider the Ree
groups 2Ga(q) = Ree(q), ¢ = 3°™*! for any m > 0. We only consider the natural repre-
sentations, which have dimension 7. Our standard copy is Ree(q), defined in Section 3.

The primary motivation for considering these problems comes from the matriz group
recognition project [3,21,27].

The ideas used here for the constructive recognition and membership testing of Ree(q)
are similar to those used in [1] and [11] for Sz(¢) and SL(2, ¢), respectively. The results are
also similar in the sense that we reduce these problems to the discrete logarithm problem.

In Section 7 we solve the constructive membership problem for Ree(g). In Section 8
we solve the constructive recognition problem for Ree(q) in the natural representations.

The main objective of this paper is to prove the following:

Theorem 1.1. Let ¢ = 32T for some m > 0. Assume an oracle for the discrete logarithm
problem in ¥, with time complezity O(xp) field operations, and a random element oracle
for subgroups of GL(7,q), with time complexity O(§) field operations.

(1) There exists a Las Vegas algorithm that for each (X) < GL(7,q), such that (X) =
Ree(q), constructs an effective isomorphism ¥ : (X) — Ree(q), such that W1 is also
effective. The algorithm has expected time complexity O(&loglog(q) +1og(q)? + xp)
field operations.

(2) There exists a Las Vegas algorithm that for each (X) < GL(7,q), such that
(X) = Ree(q), solves the constructive membership problem for (X). The algorithm
has expected time complexity O(€ + log(q)®) field operations and also has a pre-
processing step, which only needs to be executed once for a given X, with expected
time complexity O((€ loglog(q)+log(q)®+xp) log log(q)Q) field operations. The length
of the returned SLP is O((log(q) loglog(q))?).

Implementations of the algorithms have been done in Macma [6].

A version of the material in this paper appeared in [2], relying on a few conjectures.
Advice by Bill Kantor and Gunter Malle has led to proofs of the conjectures, for which
we are very grateful. In particular, the central idea behind the algorithm in Section 8 is
due to Bill Kantor.

We also thank John Bray, Peter Brooksbank, Alexander Hulpke, Charles Leedham-
Green, Eamonn O’Brien, Maud de Visscher, Robert Wilson and the anonymous referee
for their helpful comments.
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