Journal of Algebra 414 (2014) 264-270

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Algebra

www.elsevier.com/locate/jalgebra

Exact couples in semiabelian categories revisited @
CrossMark

Yaroslav Kopylov *"! Sven-Ake Wegner **?

2 Sobolev Institute of Mathematics, Pr. Akad. Koptyuga 4, 630090, Novosibirsk,
Russia
b Nowosibirsk State University, ul. Pirogova 2, 630090, Novosibirsk, Russia

ARTICLE INFO ABSTRACT
Article history: Consider an exact couple in a semiabelian category in the
Received 29 November 2013 sense of Palamodov, i.e., in an additive category in which

Available online 14 June 2014

. every morphism has a kernel as well as a cokernel and the
Communicated by Volodymyr

induced morphism between coimage and image is always

Mazorchuk monic and epic. Assume that the morphisms in the couple
MSC: are strict, i.e., they induce even isomorphisms between
primary 18G50 their corresponding coimages and images. We show that
secondary 18G40 the classical construction of Eckmann and Hilton in this

case produces two derived couples which are connected by
Keywords: a natural bimorphism. The two couples correspond to the
Exact couple a priori distinct cohomology objects, the left resp. right
Spectral sequence cohomology, associated with the initial exact couple. The
Semiabelian category derivation process can be iterated under additional assump-
Quasiabelian category tions.

© 2014 Elsevier Inc. All rights reserved.

* Corresponding author.
E-mail addresses: yakop@nsc.math.ru (Ya. Kopylov), wegner@math.uni-wuppertal.de (S.-A. Wegner).
! Partially supported by the Russian Foundation for Basic Research (Grant 12-01-00873-a) and the State
Maintenance Program for the Leading Scientific Schools and Junior Scientists of the Russian Federation
(Grant NSh-921.2012.1).
2 The stay at the Sobolev Institute of Mathematics at Novosibirsk was supported by a fellowship within
the Postdoc-Program of the German Academic Exchange Service (DAAD) (521/915-069-52).

http://dx.doi.org/10.1016/j.jalgebra.2014.04.030
0021-8693/© 2014 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jalgebra.2014.04.030
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
mailto:yakop@nsc.math.ru
mailto:wegner@math.uni-wuppertal.de
http://dx.doi.org/10.1016/j.jalgebra.2014.04.030
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2014.04.030&domain=pdf

Ya. Kopylov, S.-A. Wegner / Journal of Algebra 414 (2014) 264—270 265

1. Preliminaries

The aim of this note is to elaborate rigorously in which way the classical approach
of Eckmann, Hilton [1] for constructing exact couples, see Massey [7], generalizes to
semiabelian categories. For quasiabelian categories this was carried out by Kopylov [4]
in 2004; the negative answer to Raikov’s conjecture given around 2008, see Rump [§],
showed however that the class of semiabelian categories is strictly larger. We point out
that semiabelian categories appear in different branches of mathematics, see Kopylov,
Wegner [6, Section 1] for more details and references. For recent results on exact couples
in non-additive situations we refer to Grandis [2].

In the sequel, A always denotes a preabelian category, i.e., A is additive and every
morphism « in A has a kernel and a cokernel. We denote by a: Coima — Ima the
canonical morphism. The category A is semiabelian if the induced morphism & is always
monic and epic, viz., a bimorphism. We say that a morphism « is strict if & is an
isomorphism. We say that a kernel « is semistable if all its pushouts along arbitrary
morphisms are again kernels. Semi-stable cokernels are defined dually. An exact couple
in A is a diagram of the form

Nt

such that ima = ker 8, im 3 = ker~y and im~y = ker « hold. If A is semiabelian, it is
easy to see that the latter equations are equivalent to coka = coim 3, cok = coim~y
and coky = coim «, respectively. E.g., coim 8 = cok im o = cok((im )& coim o) = cok «
and the dual computation yield the first equivalence.

2. Results
Theorem 1. Let A be semiabelian and consider the exact couple (1). Assume that o, (

and ~y are strict. Then the Eckmann—Hilton construction, see Section 3, gives rise to the
following two diagrams

D1 D1 Dl

which we call the left resp. the right derived couple. The diagrams in (2) have the fol-
lowing properties.
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