
Journal of Algebra 412 (2014) 218–229

Contents lists available at ScienceDirect

Journal of Algebra

www.elsevier.com/locate/jalgebra

A family of solutions of the Yang–Baxter equation

David Bachiller ∗, Ferran Cedó
Departament de Matemàtiques, Universitat Autònoma de Barcelona, 08193 
Bellaterra (Barcelona), Spain

a r t i c l e i n f o a b s t r a c t

Article history:
Received 9 December 2013
Available online 29 May 2014
Communicated by Michel Van den 
Bergh

MSC:
16T25
20B35
81R50

Keywords:
Yang–Baxter equation
Involutive non-degenerate solutions
Brace
IYB group

A new method to construct involutive non-degenerate set-
theoretic solutions (Xn, r(n)) of the Yang–Baxter equation, 
for any positive integer n, from a given solution (X, r) is 
presented. Furthermore, the permutation group G(Xn, r(n))
associated with the solution (Xn, r(n)) is isomorphic to a 
subgroup of G(X, r), and in many cases G(Xn, r(n)) ∼= G(X, r).
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1. Introduction

The quantum Yang–Baxter equation is one of the basic equations in mathematical 
physics named after the authors of the first works in which the equation arose: the 
solution of the delta function Fermi gas by C.N. Yang [15], and the solution of the 
8-vertex model by R.J. Baxter [1]. It also lies at the foundations of the theory of quantum 
groups. One of the important open problems related to this equation is to compute all 
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its solutions. Those are linear maps R : V ⊗ V → V ⊗ V , with V a vector space, that 
satisfy

R12 ◦R13 ◦R23 = R23 ◦R13 ◦R12,

where Rij denotes the map Rij : V ⊗ V ⊗ V → V ⊗ V ⊗ V acting as R on the (i, j)
tensor factors and as the identity on the remaining factor.

Finding all the solutions of the Yang–Baxter equation is a difficult task far from being 
solved. Nevertheless, many solutions have been found during the last 20 years and the 
related algebraic structures (Hopf algebras in particular) have been studied.

In [5], Drinfeld suggested the study of a simpler case: solutions induced by a linear 
extension of a mapping R : X × X → X × X, where X is a basis for V . In this case, 
one says that R is a set-theoretic solution of the quantum Yang–Baxter equation. It is 
not difficult to see that, if τ : X2 → X2 is the map defined by τ(x, y) = (y, x), then the 
map R : X2 → X2 is a set-theoretic solution of the quantum Yang–Baxter equation if 
and only if the mapping r = τ ◦ R is a solution of the equation

r12 ◦ r23 ◦ r12 = r23 ◦ r12 ◦ r23,

where rij is the map from X3 to X3 that acts as r on the (i, j) components and as the 
identity on the remaining component. In the sequel, we will always work with this last 
equivalent equation.

We study solutions with some additional conditions: involutivity and non-degeneracy. 
A map

r : X ×X −→ X ×X

(x, y) �−→
(
σx(y), γy(x)

)
is said to be involutive if r ◦ r = idX2 . Moreover, it is said to be left (resp. right) 
non-degenerate if each map σx (respectively, γy) is bijective, and it is said to be non-
degenerate if it is left and right non-degenerate. If r is involutive and left non-degenerate, 
it can be checked that it satisfies r12 ◦ r23 ◦ r12 = r23 ◦ r12 ◦ r23 if and only if it satisfies 
σx ◦ σσ−1

x (y) = σy ◦ σσ−1
y (x) for all x, y ∈ X (see [6, Proposition 2.2] or the proof of

[12, Theorem 9.3.10]).
In what follows, by a solution of the YBE we will mean a non-degenerate involutive 

set-theoretic solution of the Yang–Baxter equation.
In the last years, solutions of the YBE have received a lot of attention [3,4,6–11,13,14]. 

Each solution (X, r) of the YBE has an associated structure group, denoted by G(X, r), 
and defined by

G(X, r) :=
〈
x ∈ X | xy = zt if and only if r(x, y) = (z, t)

〉
.
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