
Journal of Algebra 400 (2014) 56–71

Contents lists available at ScienceDirect

Journal of Algebra

www.elsevier.com/locate/jalgebra

Poisson spectra in polynomial algebras

David A. Jordan a,∗, Sei-Qwon Oh b,1

a School of Mathematics and Statistics, University of Sheffield, Hicks Building, Sheffield S3 7RH, UK
b Department of Mathematics, Chungnam National University, 99 Daehak-ro, Yuseong-gu, Daejeon 305-764, Republic of Korea

a r t i c l e i n f o a b s t r a c t

Article history:
Received 9 July 2013
Available online 20 December 2013
Communicated by J.T. Stafford

MSC:
17B63
16S36

Keywords:
Poisson algebra
Poisson prime ideal
Polynomial algebra

A significant class of Poisson brackets on the polynomial algebra
C[x1, . . . , xn] is studied and, for this class of Poisson brackets,
the Poisson prime ideals, Poisson primitive ideals and symplectic
cores are determined. Moreover it is established that these Poisson
algebras satisfy the Poisson Dixmier–Moeglin equivalence.
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1. Introduction

To understand a Poisson bracket on the polynomial algebra C[x1, . . . , xn], one should identify the
Poisson prime ideals, which correspond to the varieties in C

n that inherit the Poisson structure, and
the symplectic cores [2] which are the algebraic analogues of symplectic leaves. For each point p ∈ C

n ,
with corresponding maximal ideal Mp , there is a unique largest Poisson ideal P(Mp) contained in Mp .
The ideal P(Mp), which is necessarily Poisson prime, is said to be Poisson primitive and is called the
Poisson core of Mp . Two points p and q are in the same symplectic core when P(Mp) = P(Mq).
See [5, Sections 6, 7] for a full discussion of symplectic cores and their relationship with symplectic
leaves.

In [10], the authors analyzed Poisson brackets on the polynomial algebra C[x, y, z] in three inde-
terminates x, y, z, including a class of Poisson brackets determined by Jacobians. In particular, for an
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arbitrary rational function s/t ∈ C(x, y, z), they analyzed the prime and primitive Poisson ideals for
the Poisson bracket such that, for f , g ∈C[x, y, z],

{ f , g} = t2 Jac( f , g, s/t), (1.1)

where Jac denotes the Jacobian determinant.
The main purpose of this paper is to generalize the results in [10] to the general polynomial

algebra A := C[x1, x2, . . . , xn], n � 3, equipped with a Poisson bracket which is determined by n − 2
rational functions and which generalizes (1.1). As in [10], the results will be illustrated using particular
examples.

Fix s1, t1, . . . , sn−2, tn−2 ∈ A such that si and ti �= 0 are coprime for each i = 1,2, . . . ,n − 2. In
Section 2 it is shown that there is a Poisson bracket on the quotient field B of A such that, for all
f , g ∈ B ,

{ f , g} = (t1 . . . tn−2)
2 Jac( f , g, s1/t1, s2/t2, . . . , sn−2/tn−2).

The purpose of the factor (t1 . . . tn−2)
2 is to ensure that this restricts to a Poisson bracket on A.

The Poisson prime ideals of A for the above bracket are determined in Section 3, where Defini-
tion 3.2 uses the terminology residually null, respectively proper, for Poisson prime ideals P where
the induced Poisson bracket on A/P is zero, respectively non-zero. The residually null Poisson prime
ideals of A form a Zariski closed set of the prime spectrum of A and can often be found explicitly
using elementary commutative algebra. We shall determine the proper Poisson prime ideals of A in
terms of a finite set of localizations Aγ of A, each of which has a subalgebra Cγ that is a polynomial
ring in n − 2 variables and is contained in the Poisson centre of Aγ . As the Poisson bracket on Cγ is
trivial, any prime ideal Q of Cγ is Poisson. Although Q Aγ need not be prime, it is a Poisson ideal
and the finitely many minimal prime ideals of Aγ over Q Aγ are Poisson prime ideals of Aγ . Taking
the intersection of each of these with A, we obtain finitely many Poisson prime ideals of A. The main
result is that every proper Poisson prime ideal P of Aγ occurs in this way with Q = P Aγ ∩ Cγ . The
passage between Poisson prime ideals of Aγ and those of A can then be handled by standard local-
ization techniques. This will be illustrated using examples with n = 4 in which case the algebras Cγ

are polynomial algebras in two indeterminates. The main example is the Poisson bracket associated
with 2 × 2 quantum matrices with which the reader may be familiar. We also consider actions on A,
as Poisson automorphisms, of subgroups of the multiplicative group (C∗)n .

In Section 4, we determine the Poisson primitive ideals and symplectic cores of A and show that
A satisfies the Poisson Dixmier–Moeglin equivalence discussed in [12, 2.4] and [6]. Here, as indeed
is the case with the Poisson prime ideals, the varieties determined by n − 2 polynomials of the form
λi si − μiti , i = 1,2, . . . ,n − 2, where (λi,μi) ∈C

2\{(0,0)} for all i, play an important role.

2. Poisson brackets

Definition 2.1. A Poisson algebra is a C-algebra A with a Poisson bracket, that is a bilinear product
{−,−} : A × A → A such that A is a Lie algebra under {−,−} and, for all a ∈ A, the hamiltonian
ham(a) := {a,−} is a C-derivation of A.

Notation 2.2. Let A denote the polynomial algebra C[x1, . . . , xn] in n indeterminates and let B denote
the quotient field C(x1, . . . , xn) of A. For 1 � i � n, let ∂i be the derivation ∂

∂xi
of B . For b1, . . . ,bn ∈ B ,

let JacM(b1, . . . ,bn) denote the Jacobian matrix (∂ j(bi)) and let Jac(b1, . . . ,bn) denote the Jacobian de-
terminant | JacM(b1, . . . ,bn)|. Thus the ith row of JacM(b1, . . . ,bn) is ∇(bi) where ∇ = (∂1, ∂2, . . . , ∂n)

is the gradient.
Let a, f1, f2, f3, . . . , fn−2 ∈ B and, for f , g ∈ B , let

{ f , g} = a Jac( f , g, f1, f2, . . . , fn−2). (2.1)
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