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Let F be a field, let V be a valuation ring of F of arbitrary
Krull dimension (rank), let K be a finite Galois extension of F
with group G, and let S be the integral closure of V in K.
Let f : G × G �→ K \ {0} be a normalized two-cocycle such
that f(G×G) ⊆ S \ {0}, but we do not require that f should
take values in the group of multiplicative units of S. One
can construct a crossed-product V -order Af =

∑
σ∈G Sxσ

with multiplication given by xσsxτ = σ(s)f(σ, τ)xστ for
s ∈ S, σ, τ ∈ G. We characterize semihereditary and
Dubrovin crossed-product orders, under mild valuation-
theoretic assumptions placed on the nature of the extension
K/F .

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

This work is about orders in a crossed-product F -algebra (K/F,G, f) which are in-
tegral over their center V , a valuation ring of the field F , and generalizes the results
obtained in [4,12,13,25]. Whereas in [4,12,13] the valuation ring V is unramified in K,
and in [4,12,25] V is a discrete valuation ring (DVR), we seldomly make such assump-
tions in this paper. Further, our theory complements and enhances the classical theory
of crossed-product orders over valuation rings, such as can be found in [6,23], in two
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significant ways: firstly, we do not require that the valuation ring V should be a DVR,
as mentioned above; secondly, we do not require that the values of the two-cocycles as-
sociated with our crossed-product orders should be multiplicative units in the integral
closure of V in K. We shall give a precise description of the crossed-product orders we
will be dealing with shortly.

If R is a ring, then J(R) will denote its Jacobson radical, Z(R) its center, U(R) its
group of multiplicative units, and R# the subset of all the non-zero elements. The residue
ring R/J(R) will be denoted by R. Given the ring R, it is called primary if J(R) is a
maximal ideal of R. It is called hereditary if one-sided ideals are projective R-modules.
It is called semihereditary (respectively Bézout) if finitely generated one-sided ideals are
projective R-modules (respectively are principal). Let V be a valuation ring of a field F .
If Q is a finite-dimensional central simple F -algebra, then a subring R of Q is called an
order in Q if RF = Q. If in addition V ⊆ R and R is integral over V , then R is called a
V -order. If a V -order R is maximal among the V -orders of Q with respect to inclusion,
then R is called a maximal V -order (or just a maximal order if the context is clear).
A V -order R of Q is called an extremal V -order (or simply extremal when the context
is clear) if for every V -order B in Q with B ⊇ R and J(B) ⊇ J(R), we have B = R. If
R is an order in Q then, since it is a PI-ring, it is called a Dubrovin valuation ring of Q
(or a valuation ring of Q in short) if it is semihereditary and primary (see [2]).

In this paper, V will denote a commutative valuation domain of arbitrary Krull di-
mension (rank). Let F be its field of quotients, let K/F be a finite Galois extension with
group G, and let S be the integral closure of V in K. If f ∈ Z2(G,U(K)) is a normal-
ized two-cocycle such that f(G×G) ⊆ S#, then one can construct a “crossed-product”
V -algebra

Af =
∑
σ∈G

Sxσ,

with the usual rules of multiplication: xσsxτ = σ(s)f(σ, τ)xστ for s ∈ S, σ, τ ∈ G. Then
Af is associative, with identity 1 = x1, and center V = V x1. Further, Af is a V -order
in the crossed-product F -algebra Σf =

∑
σ∈G Kxσ = (K/F,G, f).

Two such cocycles f and g are said to be cohomologous over S (respectively coho-
mologous over K), denoted by f ∼S g (respectively f ∼K g), if there are elements
{cσ | σ ∈ G} ⊆ U(S) (respectively {cσ | σ ∈ G} ⊆ K#) such that g(σ, τ) =
cσσ(cτ )c−1

στ f(σ, τ) for all σ, τ ∈ G. Following [4], let H = {σ ∈ G | f(σ, σ−1) ∈ U(S)} =
{σ ∈ G | xσ ∈ U(Af )}. Then H is a subgroup of G. On G/H, the left coset space of G
by H, one can define a partial ordering by the rule σH � τH if f(σ, σ−1τ) ∈ U(S). Then
“�” is well-defined, and depends only on the cohomology class of f over S. Further, H is
the unique least element. We call this partial ordering on G/H the graph of f and in this
paper we will denote it by Gr(f).

Such a setup was first formulated by Haile in [4], with the assumption that V is a DVR
unramified in K, wherein, among other things, conditions equivalent to such orders being
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