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We prove the existence of the Hopf PI-exponent for finite dimen-
sional associative algebras A with a generalized Hopf action of
an associative algebra H with 1 over an algebraically closed field
of characteristic 0 assuming only the invariance of the Jacobson
radical J (A) under the H-action and the existence of the decom-
position of A/ J (A) into the sum of H-simple algebras. As a con-
sequence, we show that the analog of Amitsur’s conjecture holds
for G-codimensions of finite dimensional associative algebras over
a field of characteristic 0 with an action of an arbitrary group G by
automorphisms and anti-automorphisms and for differential codi-
mensions of finite dimensional associative algebras with an action
of an arbitrary Lie algebra by derivations.
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1. Introduction

Amitsur’s conjecture on asymptotic behaviour of codimensions of ordinary polynomial identities
was proved by A. Giambruno and M.V. Zaicev [10, Theorem 6.5.2] in 1999.

When an algebra is endowed with a grading, an action of a group G by automorphisms and
anti-automorphisms, an action of a Lie algebra by derivations or a structure of an H-module al-
gebra for some Hopf algebra H , it is natural to consider, respectively, graded, G-, differential or
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H-identities [4–6,14]. The analog of Amitsur’s conjecture for finite dimensional associative algebras
with a Z2-action was proved by A. Giambruno and M.V. Zaicev [10, Theorem 10.8.4] in 1999. In
2010–2011, E. Aljadeff, A. Giambruno, and D. La Mattina [1,2,9] obtained the validity of the analog of
Amitsur’s conjecture for associative PI-algebras with an action of a finite Abelian group by automor-
phisms as a particular case of their result for graded algebras.

In 2012, the analog of the conjecture was proved [12,13] for finite dimensional associative al-
gebras with a rational action of a reductive affine algebraic group by automorphisms and anti-
automorphisms, with an action of a finite dimensional semisimple Lie algebra by derivations or an
action of a semisimple Hopf algebra. These results were obtained as a consequence of [12, Theorem 5]
and [13, Theorem 6], where the authors considered finite dimensional associative algebras with a
generalized Hopf action of an associative algebra H with 1. In the proof, they required the existence
of an H-invariant Wedderburn–Mal’cev and Wedderburn–Artin decompositions. Here we remove the
first restriction. This enables us to prove the analog of Amitsur’s conjecture for G-codimensions of
finite dimensional associative algebras with an action of an arbitrary group G by automorphisms and
anti-automorphisms and for differential codimensions of finite dimensional associative algebras with
an action of an arbitrary Lie algebra by derivations.

2. Polynomial H -identities and their codimensions

Let H be a Hopf algebra over a field F . An algebra A over F is an H-module algebra or an al-
gebra with an H-action, if A is endowed with a homomorphism H → EndF (A) such that h(ab) =
(h(1)a)(h(2)b) for all h ∈ H , a,b ∈ A. Here we use Sweedler’s notation �h = h(1) ⊗ h(2) where � is the
comultiplication in H .

In order to embrace an action of a group by anti-automorphisms, we consider a generalized Hopf
action [6, Section 3].

Let H be an associative algebra with 1 over F . We say that an associative algebra A is an algebra
with a generalized H-action if A is endowed with a homomorphism H → EndF (A) and for every h ∈ H
there exist h′

i,h′′
i ,h′′′

i ,h′′′′
i ∈ H such that

h(ab) =
∑

i

((
h′

ia
)(

h′′
i b

) + (
h′′′

i b
)(

h′′′′
i a

))
for all a,b ∈ A. (1)

Choose a basis (γβ)β∈Λ in H and denote by F 〈X |H〉 the free associative algebra over F with free
formal generators x

γβ

i , β ∈ Λ, i ∈ N. Let xh
i := ∑

β∈Λ αβ x
γβ

i for h = ∑
β∈Λ αβγβ , αβ ∈ F , where only

finite number of αβ are nonzero. Here X := {x1, x2, x3, . . .}, x j := x1
j , 1 ∈ H . We refer to the elements

of F 〈X |H〉 as H-polynomials. Note that here we do not consider any H-action on F 〈X |H〉.
Let A be an associative algebra with a generalized H-action. Any map ψ : X → A has a unique

homomorphic extension ψ̄ : F 〈X |H〉 → A such that ψ̄(xh
i ) = hψ(xi) for all i ∈ N and h ∈ H . An

H-polynomial f ∈ F 〈X |H〉 is an H-identity of A if ψ̄( f ) = 0 for all maps ψ : X → A. In other words,
f (x1, x2, . . . , xn) is an H-identity of A if and only if f (a1,a2, . . . ,an) = 0 for any ai ∈ A. In this case
we write f ≡ 0. The set IdH (A) of all H-identities of A is an ideal of F 〈X |H〉. Note that our definition
of F 〈X |H〉 depends on the choice of the basis (γβ)β∈Λ in H . However such algebras can be identified
in the natural way, and IdH (A) is the same.

Denote by P H
n the space of all multilinear H-polynomials in x1, . . . , xn , n ∈N, i.e.

P H
n = 〈

xh1
σ (1)xh2

σ (2) . . . xhn
σ (n)

∣∣ hi ∈ H, σ ∈ Sn
〉
F ⊂ F 〈X |H〉.

Then the number cH
n (A) := dim(

P H
n

P H
n ∩IdH (A)

) is called the nth codimension of polynomial H-identities or

the nth H-codimension of A.
The analog of Amitsur’s conjecture for H-codimensions of A can be formulated as follows.
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