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1. Introduction

In a recent paper, Camina, Shumyatsky and Sica proved the following theorem: let x be an element
of a finite group G and let Indg(x) be the index in G of the centralizer Cg(x) of x in G; if Ind g p x) (X)
is a prime-power for every a,b € G, then Indg(x) is a prime-power [2]. The above theorem can be
restated as follows: let x be an element of a finite group G and let C = C¢(x); if there is more than
one prime dividing |G : C|, then there exist a,b € G such that |(a, b, ) : C N (a, b, x)| is divisible by
more than one prime.

In this paper we aim at generalizing this result. If we want to consider any subgroup C of G,
instead of limiting ourselves to centralizers of elements, it is more natural to look at |H : C N H|
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where H is a subgroup with “few” generators. If n is a positive integer we denote by 7 (n) the set of
primes dividing n. Our result is the following.

Theorem A. Let G be a finite group and let X, C be two subgroups of G such that X < C. Then there exist
a,b,ceGsuchthatm(|G:C|) CSn({(a,b,c,X):CN{a,b,c, X)|).

When X is the identity subgroup we obtain the type of result we were originally aiming at.

Corollary B. Let G be a finite group and let C be a subgroup of G. Then there exist a,b,c € G such that
w(|G:C|) S m(|{a,b,c): CN{a,b,c)|).

When X = C we have a new type of result.

Corollary C. Let G be a finite group and let C be a subgroup of G. Then there exist a, b, c € G such that
n(IG:C)=m(l{a, b, c,C): CD.

In order to deal with the case of prime-power index we need a stronger conclusion than that of
Theorem A.

Theorem D. Let G be a finite group and let X, C be two subgroups of G such that X < C. If |7 (|G : C])| > 2,
then there exist a, b € G such that |7 (|(a, b, X) : CN {a, b, X)])| > 2.

This imply the result in [2] when C = C¢(x) and X = {x}.

We conjecture that Theorem A can be improved, because just 2 suitable generators could be
enough in order to reach the conclusion, instead of 3, but proving this would need good estimates on
the probability of generating 2-generated almost simple groups with 2 elements, and these results are
not available at the moment. On the other hand, just one suitable generator is not enough to reach
the conclusion of Theorem A, as the example of G = S3 shows, when taking X =C =1.

The following two propositions support this conjecture and give partial answers, in the case of
soluble groups and in the case when no “small” prime divides |G : C|.

Theorem E. Let G be a finite soluble group and let X, C be two subgroups of G such that X < C. Then there
exista,b € G such that w (|G : C|) S 7 (|{a, b, X) : C N (a, b, X)|).

Theorem F. Let G be a finite group and let X, C be two subgroups of G such that X < C. Then there exists an
absolute constant ¢ with the following property: if Q is the set of primes which are bigger than c, then there
exista,b € Gsuchthatw (|G:C|)N Q< m(|{a,b, X):CN{a,b, X)|).

2. Background material

In what follows d(G) denotes the minimal number of generators of the group G and if X is a sub-
set of G then dx(G) denotes the minimum integer d such that there exist d elements g1,...,84€G
with the property that G = (X, g1,...,8q). If p is a prime, |G|, denotes the order of a Sylow p-
subgroup of G and if x is an element of G then we will write |x|, instead of |(x)|,. Moreover, AutG
is the automorphism group of G and we recall that the socle Soc(G) of G is the subgroup generated
by all minimal normal subgroups of G.

Throughout the paper, we will often have to consider a quotient group G/N of a group G. For the
sake of brevity, if g (resp. U) is an element (resp. subgroup) of G, then % (resp. U) will denote the
image of x (resp. U) in G/N.

Let L be a primitive monolithic group, that is a group with a unique minimal normal subgroup A
such that if A is abelian, then it has a complement in L. For each positive integer k we let L¥ be the
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