
Journal of Algebra 321 (2009) 292–302

Contents lists available at ScienceDirect

Journal of Algebra

www.elsevier.com/locate/jalgebra

Automorphisms of polynomial algebras and Dirichlet series

Vesselin Drensky a,1, Jie-Tai Yu b,∗,2

a Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, 1113 Sofia, Bulgaria
b Department of Mathematics, The University of Hong Kong, Pokfulam Road, Hong Kong, China

a r t i c l e i n f o a b s t r a c t

Article history:
Received 18 June 2008
Available online 26 September 2008
Communicated by Changchang Xi

Keywords:
Automorphisms
Polynomial algebras
Free associative algebras
Finite fields
Coordinates
Nielsen–Schreier varieties
Dirichlet series
Generating functions

Let Fq[x, y] be the polynomial algebra in two variables over the
finite field Fq with q elements. We give an exact formula and the
asymptotics for the number pn of automorphisms ( f , g) of Fq[x, y]
such that max{deg( f ),deg(g)} = n. We describe also the Dirichlet
series generating function

p(s) =
∑
n�1

pn

ns
.

The same results hold for the automorphisms of the free associative
algebra Fq〈x, y〉. We have also obtained analogues for free algebras
with two generators in Nielsen–Schreier varieties of algebras.

© 2008 Elsevier Inc. All rights reserved.

Introduction

Our paper is devoted to the following problem. Let Fq[x, y] be the polynomial algebra in two variables
over the finite field Fq with q elements. We would like to determine the number of Fq-automorphisms ϕ =
( f , g) of Fq[x, y] satisfying deg(ϕ) := max{deg( f ),deg(g)} = n. Here ϕ = ( f , g) means that f = ϕ(x),
g = ϕ(y).

Our consideration is motivated by Arnaud Bodin [B], who raised the question to determine the
number of Fq-automorphisms ϕ with deg(ϕ) � n.

In the sequel all automorphisms are Fq-automorphisms. The theorem of Jung and van der Kulk
[J,K] states that the automorphisms of the polynomial algebra K [x, y] over any field K are tame. In
other words the group Aut(K [x, y]) is generated by the subgroup A of affine automorphisms
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α = (a1x + b1 y + c1,a2x + b2 y + c2), ai,bi, ci ∈ K , a1b2 �= a2b1,

and the subgroup B of triangular automorphisms

β = (
ax + h(y),by + b1

)
, 0 �= a,b ∈ K , b1 ∈ K , h(y) ∈ K [y].

The proof of van der Kulk [K] gives that Aut(K [x, y]) has the following nice structure, see e.g. [C]:

Aut
(

K [x, y]) = A ∗C B, C = A ∩ B,

where A ∗C B is the free product of A and B with amalgamated subgroup C = A ∩ B . Using the
canonical form of the elements of Aut(K [x, y]) we have calculated explicitly the number pn of auto-
morphisms of degree n:

p1 = q3(q − 1)2(q + 1),

pn = (
q(q − 1)(q + 1)

)2 ∑(
q − 1

q

)k

qn1+···+nk , n > 1,

where the summation is on all ordered factorizations n = n1 · · ·nk of n, with n1, . . . ,nk > 1.
It is natural to express the sequence pn , n = 1,2, . . . , in terms of its generating function. When

the elements pn of the sequence involve sums on the divisors of the index n it is convenient to work
with the Dirichlet series generating function, i.e., with the formal series

p(s) =
∑
n�1

pn

ns
.

For the Riemann zeta function ζ(s) the coefficients of ζ k(s) count the number of ordered factoriza-
tions n = n1 · · ·nk in k factors. (We have to take (ζ(s) − 1)k if we want to count only factorizations
with ni � 2.) Similarly, the coefficients of the kth power ρk(s) of the formal Dirichlet series

ρ(s) =
∑
n�2

qn

ns

are equal to qn1+···+nk in the expression of pn . Hence ρ(s) may be considered as a q-analogue of ζ(s),
although it does not satisfy many of the nice properties of the Riemann zeta function (because the
sequence qn is not multiplicative) and for q > 1 is not convergent for any nonzero s (because its
coefficients grow faster than ns). We have found that

p(s) = (
q(q − 1)(q + 1)

)2
(∑

k�0

q − 1

q
ρk(s) − 1

q + 1

)

= (
q(q − 1)(q + 1)

)2
(

1

1 − q−1
q ρ(s)

− 1

q + 1

)

and have given an estimate for the growth of pn . For n � 2

(q − 1)3(q + 1)2qn+1 � pn � (q − 1)3(q + 1)2qn+1 + (log2 n)log2 nqn/2+8.

Hence for a fixed q and any ε > 0,

pn = (q − 1)3(q + 1)2qn+1 + O
(
qn(1/2+ε)

)
.
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