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1. Introduction

Simple Lie algebras over an algebraically closed field of characteristic zero were classified at the
beginning of the XIX century by Killing and Cartan. They used the non-degeneracy of the Killing form
to describe the simple Lie algebras in terms of root systems which are then classified by Dynkin
diagrams.

This method breaks down in positive characteristic because the Killing form may degenerate. In-
deed the classification problem remained open for a long time until it was recently solved, if the
characteristic of the base field is greater than 3, by Block and Wilson (see [BW88]), Strade and Wilson
(see [SWOI1]), Strade (see [STR89,STR92,STR91,STR93,STR94,STR98]) and Premet and Strade (see [PS97,
PS99,PS01]). The classification remains still open in characteristic 2 and 3 (see [STR04, p. 209]).

According to this classification, simple modular (that is over a field of positive characteristic) Lie
algebras are divided into two big families, called classical-type and Cartan-type algebras. The alge-
bras of classical-type are obtained by the simple Lie algebras in characteristic zero by first taking
a model over the integers (via Chevalley bases) and then reducing modulo p (see [SEL67]). The
algebras of Cartan-type were constructed by Kostrikin and Shafarevich in 1966 (see [KS66]) as finite-
dimensional analogues of the infinite-dimensional complex simple Lie algebras, which occurred in
Cartan’s classification of Lie pseudogroups, and are divided into four families, called Witt-Jacobson,
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Special, Hamiltonian and Contact algebras. The Witt-Jacobson Lie algebras are derivation algebras of
truncated divided power algebras and the remaining three families are the subalgebras of derivations
fixing a volume form, a Hamiltonian form and a contact form, respectively. Moreover in character-
istic 5 there is one exceptional simple modular Lie algebra called the Melikian algebra (introduced
in [MEL80]).

We are interested in a particular class of modular Lie algebras called restricted. These can be
characterized as those modular Lie algebras such that the p-power of an inner derivation (which
in characteristic p is a derivation) is still inner. Important examples of restricted Lie algebras are the
ones coming from groups schemes. Indeed there is a one-to-one correspondence between restricted
Lie algebras and finite group schemes whose Frobenius vanishes (see [DG70, Chapter 2]).

By standard facts of deformation theory, the infinitesimal deformations of a Lie algebra are
parametrized by the second cohomology of the Lie algebra with values in the adjoint representation
(see for example [GER64]).

It is a classical result (see [HS97]) that for a simple Lie algebra g over a field of characteristic 0
it holds that Hi(g, g) = 0 for every i > 0, which implies in particular that such Lie algebras are rigid.
The proof of this fact relies on the non-degeneracy of the Killing form and the non-vanishing of the
trace of the Casimir element, which is equal to the dimension of the Lie algebra. Therefore the same
proof works also for the simple modular Lie algebras of classical type over a field of characteristic not
dividing the determinant of the Killing form and the dimension of the Lie algebra. Actually Rudakov
(see [RUD71]) showed that such Lie algebras are rigid if the characteristic of the base field is greater
than or equal to 5 while in characteristic 2 and 3 there are non-rigid classical Lie algebras (see
[CHE05,CK00,CKKO00]).

The purpose of this article is to compute the infinitesimal deformations of the first two families
of restricted simple Lie algebras of Cartan type: the Witt-Jacobson algebras W (n) and the Special
algebras S(n). Unlike the classical-type simple algebras, it turns out that these two families are not
rigid. More precisely we get the following two theorems (we refer to Sections 3.1 and 4.1 for the
standard notations concerning W (n) and S(n) and to Section 2.3 for the definition of the squaring
operators Sq).

Theorem 1.1. Assume that the characteristic p of the base field F is different from 2. Then we have
n
H?(W ), W) = D F - (Sa(Dy)

with the exception of the casen =1 and p = 3 when it is 0.

Theorem 1.2. Assume that the characteristic of the base field F is different from 2 and moreover it is different
from 3 ifn = 3. Then we have

2(sm), s(m) EBF Sq(Dy))EPF - (©

where © is defined by ©(D;, D j) = D;j(x*) and extended by 0 outside S(n)_1 x S(n)_1.

In the two forthcoming papers [VIV2,VIV3], we compute the infinitesimal deformations of the
remaining restricted simple Lie algebras of Cartan-type, namely the Hamiltonian, the Contact and the
exceptional Melikian algebras. Moreover, in the forthcoming paper [VIV4], we apply these results to
the study of the infinitesimal deformations of the simple finite group schemes corresponding to the
simple restricted Lie algebras of Cartan type.

Let us mention that the infinitesimal deformations of simple Lie algebras of Cartan-type (in
the general non-restricted case) have been considered already by DZumadildaev in [DZU80,DZU81,
DZU89] and DZumadildaev and Kostrikin in [DK78] but a complete picture as well as detailed proofs
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