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The theory of direct integral decompositions of both bounded 
and unbounded operators is further developed; in particular, 
results about spectral projections, functional calculus and 
affiliation to von Neumann algebras are proved. For operators 
belonging to or affiliated to a tracial von Neumann algebra 
that is a direct integral von Neumann algebra, the Brown 
measure is shown to be given by the corresponding integral of 
Brown measures.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Reduction theory is a way of decomposing von Neumann algebras as direct inte-
grals (a generalization of direct sums) of other von Neumann algebras. It is com-
monly employed, when the direct integral decomposition is done over the center of the 
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von Neumann algebra, to see that an arbitrary von Neumann algebra is a direct integral 
of factors. However, the direct integral decomposition can be done over any von Neumann 
subalgebra of the center.

Our main goal in this paper is to show that, in the context of tracial von Neumann 
algebras and certain unbounded operators affiliated to such von Neumann algebras, the 
Brown spectral distribution measure behaves well with respect to direct integral decom-
positions. This result (Theorem 5.6) is a natural development and its proof is technically 
nontrivial. This result finds immediate application in the paper [6], that extends results 
from [5] about Schur upper-triangular forms to certain unbounded operators affiliated 
to finite von Neumann algebras.

We will now describe some of the theory of Brown measure and the Fuglede–Kadison 
determinant, on which it depends. Given a tracial von Neumann algebra (M, τ), by 
which we mean a von Neumann algebra M and a normal, faithful, tracial state τ , the 
Fuglede–Kadison determinant [7] is the map Δ = Δτ : M → [0, ∞) defined by

Δ(T ) = exp
(
τ(log |T |)

)
:= lim

ε→0+
exp

(
τ(log |T | + ε)

)
.

Fuglede and Kadison proved that it is multiplicative: Δ(AB) = Δ(A)Δ(B).
The Brown measure νT was introduced by L.G. Brown [2]. It is a sort of spectral 

distribution measure for elements T ∈ M (and for certain unbounded operators affiliated 
to M). It is defined to be the Laplacian (in the sense of distributions in C) of the 
function f(λ) = 1

2π log Δ(T − λ); Brown proved, among other properties, that it is a 
probability measure whose support is contained in the spectrum of T . Later, Haagerup 
and Schultz [9] proved that the Fuglede–Kadison determinant and Brown measure are 
defined and have nice properties for all closed, densely defined, possibly unbounded 
operators T affiliated to M such that τ(log+ |T |) < ∞, where log+(x) = max(log(x), 0). 
We will use the notation exp(L1)(M, τ) for this set. It is easy to see that exp(L1)(M, τ)
is an M-bimodule; it is, in fact, a ∗-algebra containing M as a ∗-subalgebra (see [6]). 
A characterization (Theorem 2.7 of [9]) of the Brown measure νT of T ∈ exp(L1)(M, τ)
is as the unique probability measure on C satisfying

∫
C

log+ |z| dνT (z) < ∞ (1)

and
∫
C

log |z − λ| dνT (z) = log Δ(T − λ) (λ ∈ C). (2)

Brown measure is naturally defined on elements of exp(L1); we will need reduction 
theory also for unbounded operators in Hilbert space. Nussbaum [11] introduced this 
theory and developed several aspects of it. In this paper, we will prove and make use of 



Download	English	Version:

https://daneshyari.com/en/article/4589526

Download	Persian	Version:

https://daneshyari.com/article/4589526

Daneshyari.com

https://daneshyari.com/en/article/4589526
https://daneshyari.com/article/4589526
https://daneshyari.com/

