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We study existence and uniqueness of a variational solution in
terms of stochastic variational inequalities (SVI) to stochastic
nonlinear diffusion equations with a highly singular diffusivity
term and multiplicative Stratonovich gradient-type noise.
We derive a commutator relation for the unbounded noise
coefficients in terms of a geometric Killing vector condition.
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The drift term is given by the total variation flow, respectively,
by a singular p-Laplace-type operator. We impose nonlinear
zero Neumann boundary conditions and precisely investigate
their connection with the coefficient fields of the noise. This
solves an open problem posed in Barbu et al. (2013) [7] and
Barbu and Réckner (2015) [10].

© 2016 Elsevier Inc. All rights reserved.

* Corresponding author.

E-mail addresses: ioana.ciotir@Qinsa-rouen.fr (I. Ciotir), jonas.tolle@Qaalto.fi (J.M. Télle).
L 1.C. was partially supported by the European Union with the European Regional Development Fund
(ERDF) grant no. HN 0002137 and by the Haute-Normandie Regional Council (M2NUM Project).
2 J.M.T. gratefully acknowledges funding granted by the CRC 701 “Spectral Structures and Topological
Methods in Mathematics” (Bielefeld) of the German Research Foundation (DFG).
3 Postal address: 685 Avenue de I’Université, 76801 St Etienne du Rouvray cedex, France.

http://dx.doi.org/10.1016/j.jfa.2016.05.013

0022-1236/© 2016 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jfa.2016.05.013
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jfa
mailto:ioana.ciotir@insa-rouen.fr
mailto:jonas.tolle@aalto.fi
http://dx.doi.org/10.1016/j.jfa.2016.05.013
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jfa.2016.05.013&domain=pdf

I. Ciotir, J.M. Télle / Journal of Functional Analysis 271 (2016) 1764—1792 1765

1. Introduction

We consider existence and uniqueness of solutions to the following (multi-valued)
nonlinear Stratonovich stochastic diffusion equation in L?(0),

N
dX; € div [sgn (VXy)]dt + > (b, VX¢) odBf, in (0,T)x O,
=1
Xo =, in O, (1.1)
X
% =0, on (0,T) x 00,

where O is an open, bounded domain in R%, d > 2, with (sufficiently) smooth boundary
such that O or 90 is convex. Here, for N > 1, b; : O — R?, 1 < i < N are “coefficient
fields” and 8 = (B%,...,BY) denotes an N-dimensional Brownian motion on a filtered

(normal) probability space (Q, F, {]:t}tzo ,P) . The initial datum is chosen as z € L?(0),
or, more generally, as x € L2(Q, Fy,P; L?(0)). Here, v denotes the outer unit normal
on JO. The multi-valued graph & + sgn(¢) from R? into 2R is defined by

%, JiFE£0,

sgn(§) == |
{ceRY|CI<1} ,ifE=0,
for all £ € R?. Because of the multi-valued diffusivity term, the equation becomes for-
mally a stochastic evolution inclusion, as have been studied e.g. in [38,32,31]. We denote
by |-| the Euclidean norm of R?, and by (,-) the Euclidean scalar product of RY.

Set

by
b:=| : |:0—=RN* (1.2)

by

and denote by b* its transpose. We have that equation (1.1) is formally equivalent to
the It6 stochastic partial differential equation,

1
dX; € div[sgn (VX)) di + 5 div[b"bVX,] dt + (bV X, dfy), in (0,T) x O,

Xo =1z, in O,
X
% =0, on (0,T) x 00.
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