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We characterize the subsets Γ of C for which the notion of 
Γ-supercyclicity coincides with the notion of hypercyclicity, 
where an operator T on a Banach space X is said to be 
Γ-supercyclic if there exists x ∈ X such that Orb(Γx, T ) = X. 
In addition we characterize the sets Γ ⊂ C for which, for every 
operator T on X, T is hypercyclic if and only if there exists a 
vector x ∈ X such that the set Orb(Γx, T ) is somewhere dense 
in X. This extends results by León–Müller and Bourdon–
Feldman respectively. We are also interested in the description 
of those sets Γ ⊂ C for which Γ-supercyclicity is equivalent to 
supercyclicity.
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1. Introduction and statements of the main results

1.1. Introduction

Let X be a complex Banach space and let L(X) denote the space of bounded linear 
operators on X. For T in L(X), x in X, and Γ a non-empty subset of the complex 
plane C, we denote Orb(Γx, T ) = {γTnx : γ ∈ Γ, n ≥ 0}. We say that x is Γ-supercyclic
for T if Orb(Γx, T ) is dense in X and T will be said to be Γ-supercyclic if it admits 
a Γ-supercyclic vector. In particular, if Γ = C, x Γ-supercyclic for T reads x super-
cyclic for T and if Γ reduces to a single nonzero point, x Γ-supercyclic for T reads x
hypercyclic for T . The notion of hypercyclicity was already studied by Birkhoff in the 
twenties but it really began to attract much attention in the late seventies. The termi-
nology follows that of supercyclicity, introduced by Hilden and Wallen [19] in the early 
seventies, and the former notion of cyclicity. While the latter is directly connected with 
the well-known Invariant Subspace Problem, hypercyclicity is connected with the In-
variant Subset Problem. We refer to the books [4,17] for a deep introduction to linear 
dynamics.

One of the first important results was Kitai Criterion [20], refined by Bès [7] in the 
following form and known as the Hypercyclicity Criterion.

Theorem (Hypercyclicity criterion). Let T ∈ L(X). We assume that there exist two dense 
subsets X0, Y0 ⊂ X, an increasing sequence (nk)k ⊂ N, and maps Snk

: Y0 → X such 
that for any x ∈ X0 and y ∈ Y0 the following holds:

(1) Tnkx → 0 as k → ∞;
(2) Snk

y → 0 as k → ∞;
(3) TnkSnk

y → y as k → ∞.

Then T is hypercyclic.

We mention that there also exists a so-called Supercyclicity Criterion due to Salas 
[28], which is easily seen to be non-necessary for supercyclicity. The Hypercyclicity Cri-
terion gives an effective way of proving that an operator is hypercyclic and covers a 
wide range of concrete hypercyclic operators, allowing to directly recover historical ex-
amples of hypercyclic operators exhibited by Birkhoff [9], MacLane [23] or Rolewicz [27]. 
A long-standing major open question was to know whether the Hypercyclicity Criterion 
is necessary for an operator to be hypercyclic. Bès and Peris [8] observed that satisfy-
ing the Hypercyclicity Criterion is in fact equivalent to being hereditarily hypercyclic 
or weakly mixing and, in 2008, De La Rosa and Read built a Banach space and a non-
weakly mixing hypercyclic operator acting on this space, giving a negative answer to 
the above mentioned question. A bit later, Bayart and Matheron [3] provided such an 
example on many classical Banach spaces, including the separable Hilbert space. We also 
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