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Cubic Schrédinger systems of where 1 < N < 3, A\j,us > 0 and bj; = bj; > 0 for
cooperative type i # j. This system admits semitrivial solutions, that is
Gradient elliptic systems solutions u = (u1,...,uq) with null components. We provide

Ground states
Semitrivial and fully nontrivial
solutions

optimal qualitative conditions on the parameters A;, p1; and b;;
under which the ground state solutions have all components
nontrivial, or, conversely, are semitrivial.

This question had been clarified only in the d = 2 equations
case. For d > 3 equations, prior to the present paper, only
very restrictive results were known, namely when the above
system was a small perturbation of the super-symmetrical case
Ai = A and b;; = b. We treat the general case, uncovering
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in particular a much more complex and richer structure with
respect to the d = 2 case.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

We are interested in the elliptic system of d equations

—Au,- + )\iui = ,LLZ‘U? + u; Z bmui
i (1.1)
u; € HY(RN;R), i=1,...,d,

in RV, 1 < N <3, with \;,u; > 0forevery i =1,...,d and b;; = bj; > 0 for i # j. This
system arises naturally when looking for standing wave solutions W;(xz,t) = e~ ity (z)
of the cubic nonlinear Schrédinger system

Zat\I/zfA\Ifl:‘[L1|\IJZ|2\I/1+\I/ZZI)U|\IJJ|2, Z:L,d
J#i

The parameters u; represent self-interactions within the same component, while b;;
(i # j) express the strength and the type of interaction between different components i
and j. When b;; > 0, this interaction is said to be of cooperative type, modeling phenom-
ena appearing in nonlinear optics (see [15] and the physical references therein). On the
other hand, a negative coefficient b;; denotes competition, a feature arising, for instance,
when modeling the Bose-Einstein condensation (see for instance [18]).

The assumption b;; = bj;, which translates the fact that the interactions between com-
ponents are symmetric, implies that the system is of gradient type, and solutions of (1.1)
correspond then to the critical points of the C2-action functional I, : (H(RV))? — R
defined by

d d d
1 1 1
Iy(u) = Iq(u, .. ug) == > il — = piluli — = bijluiugl3,  (1.2)
2 4 2
i=1 i=1 ij=1
i<j

where

loll3, = / Vol + A /

and | - |, stands for the usual LP-norm, 1 < p < co.
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