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We prove local smoothing estimates for the massless Dirac 
equation with a Coulomb potential in 2 and 3 dimensions. Our 
strategy is inspired by [9] and relies on partial wave subspaces 
decomposition and spectral analysis of the Dirac–Coulomb 
operator.
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1. Introduction and generalities

The massless Dirac equation with an electric Coulomb potential reads

⎧⎨
⎩

iut + Dnu− ν

|x|u = 0, u(t, x) : Rt × R
n
x → C

N ,

u(0, x) = f(x)
(1.1)
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where the massless Dirac operator Dn is defined in terms of the Pauli matrices

σ1 =
( 0 1

1 0

)
, σ2 =

( 0 −i

i 0

)
, σ3 =

( 1 0
0 −1

)
(1.2)

as

D2 = −i(σ1∂x + σ2∂y) =
( 0 −i∂z

−i∂z 0

)

(we denote ∂z = ∂x − i∂y and ∂z = ∂x + i∂y) in dimension n = 2 with N = 2, and

D3 = −i

3∑
k=1

αk∂k = −i(α · ∇)

where the 4 × 4 Dirac matrices are given by

αk =
( 0 σk

σk 0

)
, k = 1, 2, 3 (1.3)

in dimension n = 3, with N = 4.
The Dirac equation is widely used in physics to describe relativistic particles of spin 

1/2 (see e.g. [27,37]). In particular, the 2D massless equation is used as a model for 
charge carriers in graphene, a layer of carbon atoms arranged in a honeycomb lattice 
(see e.g. the physics survey [31] and the mathematical papers [21,24,29]). Note that 
there have been many rigorous results in the recent years on the stationary (massive) 
Dirac equation, essentially in dimension 3 (see e.g. [17] for references). Comparatively, 
its dynamics has been less investigated up to now.

The σj and αj matrices were introduced in view of making the Dirac operator a 
square root of the Laplace operator: therefore, they satisfy by construction the following 
anticommutating relations

σjσk + σkσj = 2δikI2, j, k = 1, 2;

αjαk + αkαj = 2δikI4, j, k = 1, 2, 3

(we recall that the spectrum of Dn is the whole line R). These conditions ensure that

(i∂t −Dn)(i∂t + Dn) = (Δ − ∂2
tt)IN ,

which strictly links the dynamics of the free massless Dirac equation to a system of N
decoupled wave equations. Therefore, dynamical properties for the free Dirac equation 
can directly be derived from their wave counterparts: dispersive properties of the flow 
can be mainly encoded in the celebrated family of Strichartz estimates, which are given 
by
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