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In two-space-dimensional case, we get the lower bound of the 
life-span of classical solutions to the Cauchy problem with 
small initial data for fully nonlinear wave equations of the 
form �u = F (u, Du, DxDu) in which F (λ̂) = O(|λ̂|3) in 
a neighbourhood of λ̂ = 0, and ∂3

uF (0, 0, 0) = 0. For the 
purpose, some refined estimates including Strichartz estimates 
are needed in the paper.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction and main results

Consider the Cauchy problem for fully nonlinear wave equations{�u = F (u,Du,DxDu), x ∈ R2, t > 0,
t = 0 : u = εϕ(x), ut = εψ(x), x ∈ R2,

(1.1)

where
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x = (x1, x2), and � = ∂2
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i

(1.2)

is the wave operator,
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,
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,

∂
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)
, Dx =

(
∂

∂x1
,

∂

∂x2

)
, (1.3)

ϕ, ψ ∈ C∞
0 (R2) (1.4)

and ε > 0 is a small parameter.
Let

λ̂ = (λ; (λi), i = 0, 1, 2, (λij), i, j = 0, 1, 2, i + j ≥ 1) . (1.5)

Suppose that in a neighbourhood of λ̂ = 0, say for |λ̂| ≤ 1, the nonlinear term F = F (λ̂)
in (1.1) is a sufficiently smooth function satisfying

F (λ̂) = O(|λ̂|3). (1.6)

Our aim is to study the life-span of classical solution to (1.1) for n = 2 and cubic 
nonlinearity. By definition, the life-span T̃ (ε) = sup τ for all τ > 0 such that there exists 
a classical solution to (1.1) on 0 ≤ t ≤ τ . For the general nonlinear wave equations with 
small initial data in the case n = 2 and cubic nonlinearity, we have the following lower 
bounds of the life-span of the solutions:

(i) In the general case

T̃ (ε) ≥ bε−6; (1.7)

(ii) If

∂3
uF (0, 0, 0) = ∂4

uF (0, 0, 0) = 0, (1.8)

then

T̃ (ε) ≥ exp(aε−2), (1.9)

where a, b are positive constants independent of ε. For these results, T.T. Li and Y. Zhou 
in [11] obtained in a direct and simple manner the above lower bounds (1.7) and (1.9) for 
the general case and for the special case ∂β

uF (0, 0, 0) = 0(β = 3, 4) in the case of n = 2
and the cubic nonlinearity. These estimates are both sharp, see Y. Zhou [18,17], Y. Zhou 
and W. Han [19]. For other results on the life span for fully nonlinear wave equations in 
two space dimensions, one can see L. Hörmander [2], M. Kovalyov [6], H. Lindblad [14], 
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