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This paper is concerned with finite blow-up solutions of a 
one dimensional complex-valued semilinear heat equation. 
We classify blow-up solutions and derive their blow-up 
profiles under some assumptions. In particular, we discuss 
the possibility of a nonsimultaneous blow-up.
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1. Introduction

We study blow-up solutions of a one dimensional complex-valued semilinear heat 
equation.

zt = zxx + z2, (1)

where z(x, t) is a complex valued function and x ∈ R. If z(x, t) is written by z = a + ib

(a, b ∈ R), then (a, b) satisfies

at = axx + a2 − b2, bt = bxx + 2ab.
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This equation is a special case of Constantin–Lax–Majda equation with a viscosity term, 
which is a one dimensional model for the 3D Navier–Stokes equations (see [4,18–20,10]). 
The Cauchy problem (1) admits a unique local solution in L∞(R) ∩ C(R). We call a 
solution z blow-up in a finite time, if there exists T > 0 such that

lim sup
t→T

‖z(t)‖L∞(R) = lim sup
t→T

√
‖a(t)‖2

L∞(R) + ‖b(t)‖2
L∞(R) = ∞.

Moreover we call a point x0 ∈ R a blow-up point, if there exists a sequence {(xj, tj)}j∈N ⊂
R ×(0, T ) such that xj → x0, tj → T and |z(xj , tj)| → ∞ as j → ∞. When z is real-valued 
(i.e. b ≡ 0), (1) coincides with a single semilinear heat equation [7]:

at = axx + a2.

Blow-up problems for this single equation are well-understood. As for a parabolic system 
case, blow-up problems are extensively studied in various directions. The asymptotic 
behavior of blow-up solutions for a parabolic system with a gradient structure is derived 
by Filippas–Merle [6]. For a parabolic system with no gradient structure case, a blow-up 
solution for ut = Δu + vp, vt = Δv + uq is studied by Andreucci–Herrero–Velazquez [2]. 
More general nonlinear parabolic system with no gradient structure is treated in [3,15,
21,23,24].

We first consider an ODE solution (a(x, t), b(x, t)) = (a(t), b(t)) of (1). Then (1) is 
reduced to

at = a2 − b2, bt = 2ab.

This ODE system has a unique solution given by

a(t) = T1 − t

(T1 − t)2 + T 2
2
, b(t) = T2

(T1 − t)2 + T 2
2
,

where T1 = a0/(a2
0 + b20) and T2 = b0/(a2

0 + b20). Therefore this ODE solution exists 
globally in time, if b0 	= 0. From this observation, we expect that an imaginary component 
b prevents a blow-up in (1). In fact, Guo–Ninomiya–Shimojo–Yanagida [10] prove the 
following result.

Theorem 1.1. (See Theorem 1.1 [10].) Suppose that the initial data (a0, b0) ∈ L∞(R) ∩
C(R) satisfy

a0(x) < Ab0(x) for all x ∈ R

with some constant A ∈ R. Then the solution of (1) exists globally in time and 
lim
t→∞

(a(t), b(t)) = (0, 0) in L∞(R).
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