Journal of Functional Analysis 270 (2016) 4322-4339

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Functional Analysis

www.elsevier.com /locate/jfa

Entropy and approximation numbers of weighted @ CrossMark
Sobolev spaces via bracketing ™

Therese Mieth

Institut fir Mathematik, Fakultat fir Mathematik und Informatik,
Friedrich-Schiller- Universitat Jena, 07737 Jena, Germany

ARTICLE INFO ABSTRACT

Article history: We investigate the asymptotic behaviour of entropy and
Received 2 September 2015 approximation numbers of the compact embedding id
Accepted 24 December 2015 El,(B) — Lp(B), 1 < p < oo, defined on the unit ball

Available online 7 January 2016

st m .
Communicated by L. Gross B in R™. Here E}",(B) denotes a Sobolev space with a power

weight perturbed by a logarithmic function. The weight con-

MSC: tains a singularity at the origin. Inspired by Evans and Harris

46E35 (5], we apply a bracketing technique which is an analogue to

47B06 that of Dirichlet—Neumann bracketing used by Triebel in [14]
for p = 2.

Keywords: © 2016 Elsevier Inc. All rights reserved.

Approximation numbers
Entropy numbers
Weighted Sobolev spaces

1. Introduction

This paper deals with the compact embedding
id : E]",(B) < Ly(B), 1<p<oo, meN, o>0, (1.1)

where E"' (B) is the closure of Cf*(B) with respect to the norm
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and B = {x € R" : |z| < 1} is the unit ball. Problems of this type have been considered
so far in [14,8,9]. In case of Hilbert spaces Triebel obtained in [14] sharp results for the
corresponding entropy and approximation numbers. Namely, if p = 2 it holds for k£ € N,
k > 2, that

k= ifo >
ap(id) ~ eg(id) ~ < k=% (log k)™ if o =12 (1.3)
k=7 ifo<o< ™

We will extend this result and confirm Triebel’s Conjecture 3.8 in [14] that (1.3) holds
for all 1 < p < oo. In [14] the so-called Courant—Weyl method of Dirichlet—-Neumann
bracketing is used. This technique is not available for p # 2, but a partial analogue was
established by Evans and Harris in [5]. These authors deal with Sobolev spaces W, (2) on
a wide class of domains, i.e. rooms and passages domains or generalised ridged domains.
We want to transfer this idea to control the singularity in our situation.

The paper is organised as follows. In Section 2 we collect basic notation and briefly in-
troduce the setting of the compact embedding (1.1). In Section 3 we present a bracketing
method to determine the asymptotic behaviour of the number

vo(g, Q) := max{k € N: qx(idq) > ¢}, e >0,

as € — 0. The operator idg denotes the restriction of id to a subset 2 C B. Let 2 =
J __\o
( U Qj) with disjoint domains €2;. The essence of the method is the bracketing property
=1

stated in Proposition 3.3, which reads as

J

J
> no(e, ) < wole, Q) < wo(e, Q). (1.4)

j=1
Here the number pg(g,Q), Q C B, is defined by

_ N _ [ul By (D _ 1

to(e, Q) := max { dim S : «(9) ueS;l\IEo} TulL, )] < 6}

where the maximum is taken over all finite-dimensional linear subspaces S of EJ" (€2).
This approach attempts to mimic the Dirichlet—Neumann bracketing described in [8,9,14]
if p = 2. This is emphasised by Proposition 3.4. We use (1.4) to cut off the singularity
of the weight b, ,(z) = |z|™P(1 + |log|x||)°P, x € B, at the origin and consider the
corresponding domains separately. In this way we achieve in Proposition 3.6
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